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1. INTRODUCTION

In the last decades, Liouville-type non-existence theorems have been studied
intensively, because they have emerged as a crucial tool for many applications
in PDEs. They mostly appear in establishing qualitative properties of solutions.
The best known is the Gidas-Spruck a priori bound and nowadays Liouville-type
theorems are used in regularity issues. Observe that the non-existence results are
used, in most of the cases, after rescaling and a compactness argument. See, for
instance, [32, 31, 17, 6] and references therein.

Our purpose here is to establish Liouville-type theorems for equations that in-
volve the fractional p-laplacian, defined by,

(—A,) u(@) = 2C(s,p, N) lim wdy zeRY
e—0t RN\Aﬂf)_ y‘N+sp
where p € (1,00), s € (0,1), and C(s, p, N) is a normalization factor. This constant
ensures that in the limits p — 2 and s — 1, the operator coincides with the
standard fractional laplacian and the classical p—laplacian, respectively. In this
work, for simplicity, we omit this constant, as it does not affect the qualitative
properties of the solutions we study.

The non-local operators have become relevant because they arise in several ap-
plications in many fields, for instance, game theory, mathematical physics, finance,
image processing, Lévy processes in probability, and some optimization problems,
see [11, 12, 21, 5, 16] and the references therein. From a mathematical point of view,
the fractional p—Laplacian has a great interest since it exhibits two key features:
the nonlinearity of the operator and its non-local character. For instance, the lit-
erature includes works on global bifurcation [13], eigenvalues [9, 10, 27], regularity
[15, 24, 25], evolution problems [29, 33], and existence results via Moser iteration
[23], each contributing key insights into different aspects of equations involving the
fractional p—laplacian.

1.1. Main results. Our first result introduces the general formula for a funda-
mental solution of the fractional p—laplacian.

Theorem 1.1. Let N > 2, 0<s<1, and 1 < p < oo.
1



2 L. M. DEL PEZZO AND A. QUAAS

(a) If ps # N then

vs(e) = 2* B (=325, 2),
18 a weak solution of

(=Ap)*vs(x) = C(B)|x*P=H =P in RN \ {0},

0
with
ﬂ_N;S
ay = —— and
r(%5)

G(t) = G(t, N, ps) :B(N1 1) <N+ps ps+2_N;t>.

2 2 2 7 2 2
HereT', B and F denote the gamma, the beta, and the (2-1)-hypergeometric
functions, respectively.
Additionally, we have
. s—N
=0 =0, orfB= pp71 ,
(2) C(B) 4 >0 if min{Z=F,0} < § < max{2=F 0},
< 0 otherwise.

(b) If ps = N then

v(x) = log(|z|),

s a weak solution of

(=A,)*v(z) =0 in RV \ {0}.

It should be noted that point (a) of the above theorem is mentioned in [7,
Example 1.5], but this is only in the case where 2 <p < N+ 1and 0 < s < %,
and without a detailed proof. Additionally, in [8, Appendix A], the result is proven
for the case N > sp and % < B < pjf 7. Here, we provide a complete proof
covering all cases, which requires delicate estimates along with some nontrivial
explicit computations.

We also observe that a similar result holds for N = 1, though in this work we
focus on the case N > 2.

The assertion of Theorem 1.2 is formally natural due to the scaling properties
of the fractional integral operator. Indeed, when considering a rescaling, uy(x) =
u(Az), the fractional integral scales accordingly, suggesting that the result should
hold at least in a heuristic sense. However, making this argument rigorous presents
substantial challenges due to regularity issues arising from the nonlocal nature of
the operator. Establishing the result requires careful analysis, particularly in the
delicate logarithmic case. Moreover, determining the precise sign of the constant
C(P) in terms of 3 is itself a subtle and nontrivial task.

Remark 1.1. By [3], vg and v solutions are viscosity solutions. Furthermore, since
our solutions are C°° (RN \ {0}) wviscosity solutions that have non-zero gradients in
RN\ {0}, they are also classical solutions. For the definitions of viscosity and weak
solutions, see Section 2.



FUNDAMENTAL SOLUTION 3

Remark 1.2. A review of fundamental solutions in the local case even for fully
nonlinear operators can be found in [2]. In this scenario, distributional setting is not
possible so the equations hold only in RN\ {0}, this is our approach. In the classical
literature fundamental solution satisfies also the equation in RN with 8y as a right
hand side. In our setting when ps — N # 0 the fundamental solution corresponds to
the case B = p;%{\/'. for the above power function and in the standard case (that is
p=2ands=1), we have § =2 — N. Here, we abuse of the fundamental solution
name since we include all values of the power B in the corresponding admissible
range.

In a parabolic context, the fundamental solution for the fractional p—laplacian
in self-similar variables is found in [34].

As mentioned before, our main application of the fundamental solution of the
fractional p—laplacian is to establish two models of Liouville-type theorems de-
pending on the order between N and ps. We start with the case N < ps that
corresponds to the classical type of Liouville results.

Theorem 1.2 (First Liouville-type theorem). Let N >2,0<s<1,and 1 <p<
0. If N < ps and u is a non-negative lower semi-continuous weak solution of

(3) (=A))u>0 inRY,
then u is constant.

Remark 1.3. Again as the previous remark by [26], we know that a non-negative
lower semi-continuous weak solution of (3) is also a viscosity solution. Then the
previous theorem also holds if we consider viscosity solutions instead of weak ones.
See also [3].

Our second Liouville-type theorem is for an equation involving the fractional
p—laplacian operator (with N > ps) and a zero-order power nonlinearity, this
corresponds to in the literature as the Lane-Emden type equations.

Theorem 1.3 (Second Liouville-type theorem). Let N > 2,0 < s <1, 1 < p < o0,
and N > ps.

o I[f0<qg< ]\;V(pf;? and u € C(RY) is a non-negative viscosity solution of

(4) (A u—u?>0 inRY
then u = 0.
e Ifqg> %}? then there is a positive solution of (4).

For the proofs of our Liouville-type theorems, we proceed similarly to [17], but
we need some extra delicate estimates together with some new ideas due to the
strongly nonlinear character of the operator. A review on Liouville-type theorems
of this type can be found in [17], for other previous results see also [1, 4, 20, 30].

For the p-laplacian (case s = 1), the last two theorems were proved in [6], see
also [30] where even systems are consider. Furthermore, in [6], it is shown that
the first point of Theorem 1.3 also holds when ¢ = J\I[é’i ;i),
the critical case for super-solution. Unfortunately, we have not yet been able to
establish this result within our current framework, so we leave it as an open problem,
stated below. The difficulty in our approach is to compute a log perturbation of
the fundamental solution thus is related with a product rule for the fractional
p—laplacian.

sometimes known as

Open problem: Let N > 2 0<s<1,1<p<oo, and N > ps. Ifq:%:;)

and u € C(RY) is a non-negative viscosity solution of (4) then u = 0.
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In this work, we focus on dimensions NV > 2 and exclude the one-dimensional case
N = 1. We note, however, that the case N = 1 might offer additional insight into
the behavior of solutions, potentially simplifying certain arguments or even allow-
ing the construction of explicit counterexamples to open questions, such as higher
regularity. This case could be an interesting direction for future investigation.

The paper is organized as follows. In Section 2, we give the definition of weak
and viscosity solutions. In Section 3, we prove Theorem 1.1. Afterward, in Section
4, we prove some Hadamard properties that will be fundamental to proving our
Liouville results. Finally, in Sections 5 and 6, we prove Theorems 1.2 and 1.3.

2. PRELIMINARIES

Throughout this paper, 2 is an open set of RY, and s € (0,1), p € (1,00). The
fractional Sobolev spaces W*P (1) is defined to be the set of functions u € LP(£2)

such that u(z) )P
p . u(zx) — u(y
|u|Ws,p(Q) = /Q2 o=y dxdy < 0o,

where Q2 denotes 2 x Q. The fractional Sobolev spaces admit the following norm
1

P

iy = (1l oy + [ulfynay)
where

[l = | fute)l” da.

We also denote

p—1
L RY) = Ju e LI RY ;/ g <ol
) = {ue B [ e <o
For convenience, we will adopt the notation W¥,(t) = [¢[P~2¢ throughout this

paper.

Remark 2.1. Let us note that, in Theorem 1.1, we chose B € (71)%7 pp_sl) 50
that vg(x) = |z|? € LE~1(RN).

Definition 2.1 (Weak solution). Let f: Q@ x R — R be a continuous function. A
function w € LP~1(RYN) is a weak super-solution (sub-solution) of

() (=Ap)*u(z) = f(z,u) in €,

if for any bounded open U C Q we have that uw € W,>P(U) and

loc
/ Up(u(z) — u(y))(e(z) — ()
R?N

|z —y|NHep

dady > (<) [ (o u)pla)d

for any non-negative function ¢ € C°(U). We say that u is a weak solution of (5)
if it is both a weak super-solution and sub-solution to the problem.

Following [26], we define our notion of viscosity super-solution of (5). We start
to introduce some notation.

The set of critical points of a differentiable function v and the distance from the
critical points are denoted by
N, ={z € Q: Vu(z) =0}, and d,(z):=dist(z,N,),

respectively. Let D C € be an open set. We denote the class of C?—functions
whose gradient and Hessian are controlled by d,, as

2(D)=<{ueC?Q): su min{d, (z), 1}""1  |D*u(x)] %
30 = {ue o) s (BT PR ) <o}
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Observe that, if v > 2 then u(z) = |z|” € C2.

Definition 2.2 (Viscosity Solution). Let f:  x R — R be a continuous func-

tion. We say that a function u: RN — [—o0, 00| is a viscosity super-solution (sub-

solution) of (5) if it satisfies the following four assumptions:

(VS1) u< oo (u>—00) a.e. in RN andu > —oc0 (u < 00) everywhere in €;

(VS82) w is lower (upper) semi-continuous in €

(VS3) If » € C?(B,.(x0)) for some B,.(zg) C Q such that ¢(xo) = u(zg) and ¢ < u
(o > u) in B.(xo), and one of the following holds
(a) p> 2%9 or Vo(zo) # 0;
(b)) 1<p< %; V() = 0 such that xg is an isolate critical point of ¢,

and ¢ € C2(B,(x0)) for some y > o

then (—,)*6,(20) > (<)f (o, u), where

bo() = {¢ if x € Br(xp),

u(x) otherwise;

(VS4) u_ = max{—u,0} (uy = max{u,0}) belongs to € LP~1(RN).

Finally, u is a viscosity solution if it is both a wviscosity super-solution and sub-
solutions.

3. FUNDAMENTAL SOLUTION

In this section, we will prove the main result of this article (Theorem 1.1). To
simplify the presentation, we split the proof into two cases.

3.1. Case ps # N. This subsection aims to prove the following result.

Theorem 3.1. Let N >2,0<s< 1, and1 <p<oo. If ps # N then

valw) = Jal® Be (=25 2),

is a weak solution of
(6) (—Ap)*vs(2) = C(B)|al*P=D =% in RV \ {0},
where C(B) is defined by (1).

We introduce a bit of notation to take advantage of the fact that vg is a radial
function. Given € > 0 and we define

Ac(w) = {y € R [Jz| = yl| < €} = Bluj+2(0) \ Bz (0)

and

¥y (0p(@) — v5(a)

Jevg(z) =2 = g

RN\ A ()

Notice that J.vg(x) is finite for all z € RY since 8 € <71%, pp_sl) .

Ideas of the proof of Theorem 3.1. We proceed somewhat as in the proof of [19,
Proof of Lemma 3.1].
First, we will show that

) Jova(@) = g @) PPV — g5 (@) in RV \ {0},
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hg () = may / (1 — pB) {prl _ppsfﬁ(pfl)fl G(p27N7p$)dp7

9s.(x) = dmay]|z|/P=D P / U, (1= p?)p P~ P=D=1G(p?, N, ps)dp.
1 £

REL

The function G is defined in Theorem 1.1.
Then we will show that
hg,g(m)|m|ﬁ(p_1)_8p — C(B)|x\5(p_1)_‘g” and gge(z) =0,
strongly in L (RN \ {0}) as ¢ — 0%,

loc
Finally, we will conclude our result.

p—1° p—1
e > 0and x € RN\ {0}, and we simply use the notations G(t) instead of G (¢, N, ps).
We split the proof into four steps.

Step 1. The first part of the proof shows (7).

Proof of Theorem 3.1. Throughout this proof, we assume that ps # N, 8 € (— N _ps ) ,

We begin by observing that
Up(vs(x) —vs(y))

JEUIB(J)> =2 |£L‘ 7y|N+sp
RN\ AL (z)
P ||z|® — |y|?[P—2 (|| — \y|ﬁ)d
; |z — y[N+ep Y
RN\ A, ()
‘ w\ " 1w\’
= ()T (- (1))
= 2|z |AP—D)—sp ! ! dy
y Ntsp MN
RN\ A (z) Jo] = Jaf

Thus, by a simple change of variable and by rotation invariance, we have that

1) Uy (1= [yl
Jevg(w) = 2[a] P PP |:(y|zv+2 v,
=

RN\AE/‘E‘(el)

where e; = (1,0,...,0) € RV,
We now take y = pz with p >0 and z € S¥ 71 == {w € RV : |w| = 1}, we get

—1)—s dHNN(2) N
o) = [ ayae ) [,
1-pl> 15 sN-t
C1)—s dHN (2 _
= 2z |AlP—1)=sp / v, (1—,05) / (2) N+SppN Ldp.
B . |1 —2pey -z + p?| 2

1—p|>
| PLM

Using [18, page 249] and [22, 3.665 (427)], we have that

Teupla) = dmaxlo P07 [ w, (1= ) 5K o),

1_p|> &
‘ P|_|w‘
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where
T sV 2(0)do G(p?) ifp<t,
© K= et P
0 |1 —2pcos() + p?| prﬂ,s if p> 1.
Therefore,
Jeos(o) = tmanlal?r0=r [, (12 %) S
145
1=
+ / v, (1-p7) pN1G(p%)d
0
||
lz|+e
— draxle 0w, (1= 7)o G
0
Bl
+ / ‘I’p<1_p> N 1G( )
0
e
= dmay|z|P D 7P / T, (1-0%) {pN’l—p”s’W’”’l G(p*)dp
0
||
Tolte
— N (1_ ) ps—B(p—1) LG (p?)d
-7
So,

Jevp() = hg e ()] P~V — g5 o(2) in RV \ {0}.

Step 2. We now show that
hﬁﬁ(x)\xm(p_l)_s” — C(ﬁ)|a:|’8(p_1)_5p strongly in L (R \ {0}),

as e — 0T,

Given a bounded set U C RY \ {0} such that U C RY \ {0}, we want to show
that

_ li B(p—1)—sp _ B(p—1)—sp
0= o lim, / hs.c(@)le] cd)e] o
1 h _ Blp—1)—spq
47TO(N s—l>%l+/| ,Be )HI| v
1
_ 1im+/|$|6p R / U, (1= p%) (V= = ppo PO NG (p?)dp| da.
e—0

E
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Since U € RN \ {0} is bounded, we have that |z|?(P=1) =P ¢ L°°(U). Therefore,
it is enough to prove that

9) Elggg/ / — pP PN = P PG (0% dpda = 0.
U 17*

Let H(p) = (1 — p)t™P*G(p?). By [28, page 271, (2)], we have that
(10) lim H(p)
p—1-
exists. Then,

(L= PPt pN =t — pro P
|1 _ p\lﬂ’s (p)v

1= pP P pN =t — pre PP G (p?) =

belongs to L'(0, 1). Therefore, by the dominated convergence theorem, we get (9).
Step 3. Our next goal is to show that,

(1) gs+(x) > 0 strongly in L (RN \ {0}).

ase — 0.

Again, let U C RY \ {0} be a bounded set such that U C R \ {0}. In this case,
we want to show that

0= li (x)|d
im, / 195, (2)|dx
U

|
lel+e

=dray hm z|PP== U, (1—pP) pP=B=D=1G(p?)dp| d.
P

REl
Since U € RN \ {0} is bounded, we have that |z|?®P=D=sP ¢ [°(U), and
|1 - p6| < C|1 - p|a
where C' is a positive constant that depends on 3, p, and dist(U, 0). Then

| |z

[z|+e

Tel+=
- H(p)
/|9ﬂs |dw<0/ / -l 1G(p2)dpdﬂﬂ=0/ / dedx,
U l—ﬁ

Ul-15

where C is a positive constant that depends on |||x\ﬁ(p_1)_5”||Loo(U), B,p, and
dist(U, 0). Therefore, to show (11), it is enough to show that

[z ]
|z]+e

(12) EIE&/ / |p(s nvedpdz =0.

To prove this, we consider three cases.

H
By (10), |1—P|p((p5)_1)+2 € L'(0,1). Thus, by the dominated convergence theo-

rem, we get (12).

Case 2: We now assume p < 1.
By [28, pages 257 (5) and 271 ( ) ], we have that H is differentiable and

(13) lim H'(p)

p—1-
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exists. Notice that for any x € U we have

|z

|xz]+e

H(p) _
/ 11— pp—D+2 dp =

T Tel
|| ) ( 5 ) L]
H H(1l-— lz[+e
! (|96| te) =) / H'(p) dp
p(S — 1) +1 c p(s—1)+1 c p(s—1)+1 J |1 _ p‘p(s—l)-&-l
|I| te lz]

||

Taking § = dist(U, 0), and using (10) and (13), there are two positive constants C;
and C5 such for any x € U we have

() (o)

c p(s—1)+1 c p(s—1)+1
7= @)

< Sp(lfs)(|x‘ +€)p(sfl)+1

# () (- )

€

+H0_f>Km+dmlm—stmw
v 13

1H' [z 0,1) = p(1—s)
1—s >
< gp( ){ 6p(1_s)+1 (Sp(s_l) ||HHL°°(0,1)
< 01517(1—8)7
and
|z
N0
T et e < G,
TeT
Then
[
[z[+e H( )
/ Hﬁdﬂ S lep(lis) + OQ&‘p(lis) Vo e U.
—p

__E
Iz

This implies (12).

1
1-s5"

Case 3: Finally we consider the case p =
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In this case, for any x € U we have

Ja| L]
Tel+e Tal+e

H(p) -~ H(p)
/ 1= o072 = / -
1— 1—5

TeeT

:H(|w:x+|s>l°g<|x6+e)‘H(1 |>1"g<| |) | # st~ s
~{o (o) - (- ) e ()

||

o115 o () (i) - o

[

()~ () froe () e (0 ) e ()

- [ s~ pap,

Again, taking § = dist(U,0), and using (10) and (13), there are three positive
constants Cp, Cy and C3 such for any = € U we have

lo]
Tel+e

H(p)
/ 11— ppG—D+2 dp <
1 _E

1
[H [z 0,1) 5
= T2 ¢ log 5_|_ + [[H][=(o, 1)5 | H'|| = (0,1 / log(1 — p)dp
1%
[1H' |z (0,1 €
= _$52 log <5+ ) +H L 0.1) 5 = [1H |0 1)5 (log(e) — log(d) — 1)

IA

—Cqe21 _c )\ 1
Cie”log e Caelog(e) + Cse,
from which (12) follows.

Step 4. Finally, we will show that vg is a weak solution of (6).
By step 1, we have that

Jevp() = hg e ()] P~V — g5 o(2) in RV \ {0}.

Then, given ¢ € C°(RY \ {0}) we have that

/ Tup@p@ids = [ (ha@lal?? 07 = g5 () o(a) da,

RN
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that is
[ =X Ty
(14) R2N
_ % / (hac@alPo D=5 — g5..(2)) (o) d
RN

Interchanging the roles of x and y

/ (1 =Xa. (@) Z (qu Ey;wfﬁp( z) e(y)dzdy
=5 [ (Bac@lal?# 0 = g5 () (o)
RN

Now, adding (14) and (15) and using that 1 — X 4_¢y)(z) =1 —X4_(2)(y), we get

/ (hﬁ,e(x)|x|5(p—1)—sp _ gﬁ’s(x))) o(z) de =

(1e) N W, (05(x) — 03(0)) (0(x) — 9 (1))
[ = Xy oy P 2 ) g

By steps 2 and 3

a0 [ (@l < s (a))) o) do > €(8) [ ol P 0 p(a)da,
RN

RN

as e — 0F.
On the other hand, we have that

Wy (w5(x) ~ v ))(P(2) = 1) _ 11 o )

|z — y [N
and
Xa.(z)(y) = 0 ae. in R*N ase — 0*.
Then
. Yp(vs(x) —va(¥)((x) — 9(y))
Tim [ (1= X, (9) [V dydx

Uy, (vg(x) —v T) —
(o)~ a0 o) = )

R2N

Since ¢ is arbitrary, by (16), (17) and (18), we conclude that v is a weak solution
of (6). O
3.2. Case ps = N. To complete study of the fundamental solution of the fractional
p—laplacian, we prove the following result.
Theorem 3.2. Let N >2,0<s<1,and1 <p<oo. If ps =N then

v(z) = log(|z),

is a weak solution of

(19) (—A))%v(x) =0 in RV \ {0}
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Ideas of the proof. Given € > 0, we define

¥, (0la) ~ (),

Jov(z) =2 [ — [N o

RN\ A, (z)
First, we will show that
Jov(x) — 0 strongly in L .(Q)

as € — 07. Then, arguing as in step 4 of the proof of Theorem 3.1, we conclude
that v is a weak solution of (19).

Proof of Theorem 3.2. Throughout this proof, we assume that ps = N, € > 0 and
r € RN\ {0}.
Let us begin by observing that

Wy(v(z) o) ,

Jev(z) =2 |z — y|NFep
RN\ A, (z)
wl\ [P 2 1yl
B og (£4)|" "1os (1) 4y
2|V y |2V ||V
RN\ 4. (z) Tal = Tal

Now, proceeding as in step 1 of the proof of Theorem 3.1

_%x / W, (log(p))p™ K (p) dp,

_ e
|1 P‘Z|z|

Jev(x) =

where KC(p) is defined by ().

Then
4 C
Q
Joo(w) == T3 [ Wyllom()™ Gl NN dp
0
+ [ os(e)e GG N N dp
1415
4 C
Q _
== [ wose) G NN
0
[E
el+e
~ [ Wlloglp)p¥ G NN dp
0
£
A l+e
10 _
T [ R G NN
=2
That is,

(20) Jev(z) = ge(z) in RV \ {0}
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where
=l
[z]+e
dan N—1v 2
9:(x) = L U, (log(p))p™ ~ G(p°, N, N) dp.
=137
We claim
(21) g — 0 strongly in L}OC(RN \ {0}),
as e — 0T,
To see this, notice that
4oy | log(p)[P~! N+l 2
< 1-— G N,N)d
‘ge(x)l 7|$|(|$| +E)N_1 / (1—p)N+1( P) (P y 4V, ) P
(22) ! "
. 272 [ ey,
T (lzl )N |z —g)rt (1 —p)N—p+2

[El

On the other hand, by [28, pages 257 (5) and 271 (2)], we have that H(p) =
(1 — p)NHLG(p?, N, N) is differentiable and

(23) lim H(p) and lim H'(p),
p—1- p—1-

exist.

As in step 3 of the proof of Theorem 3.1, we consider three cases to prove our
claim.
Case 1: We start assuming that p > N + 1.

In this case, owing to (22) and (23), it is easy to check that there is a positive
constant C' (independent of €)

day]z[P— / H(p)
<4 d
9e()| SAov ErrN =t | T
&
day|zP~? L 1 p-N-1
“(lzl+ )Nzl —g)pmt \Jzlp Nt (Ja| +e)p N '

This implies (21).

Case 2: We now study the case p < N + 1.
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Due to (23), we have that

||

[x[+e

H(p)
/ [1— p|N=pt2 =

REL
a £\
H H 1— — |z|+e
1 (lxl +e) zl) H'(p)
N_p_|_1 c N—p+1 c N—p+1 |1_p|N_p+1 P
=) @)

H'||
< M=o { e L1 ( I 1 )}Ep_N
N—p+1 Uzl +e)p~Nz[  p=N \[zP~N (|| + )P~V

[Hl>0,1) , N
|[p—N .

This implies, using again (22),
|9:(x)| <

Cep—N |z|P—2 € n 1 1
e _

(lzl+ )N (Ja| = e)p=t L (Jxl +e)p~N|a| |z~ (Jz[+ )P~V
where C' is a positive constant independent of €. Now it is easy to check (21).

Case 3: To conclude the proof of our claim, we study the case p = N + 1.
Again by (23), we have that

e e

/ H(p) dp = / H(p) dp =
o = pNeE2 ~ =l
el T Tal

|z ]

[z]+e

(o551 () - ] -
[

1— -
|

< |1 H'||l>=(0,1)

<log (1) (om0 uls o) _u(

(zl+ o)l \ (el +¢) (] +¢) ||

H oo
| H| L 01 _
||

+
This implies, using again (22),
|9:(x)| <

Celg|N-2 22108 (€) +2¢ + (e — |2]) log(|z| + &) + (|z] + ) log(|z]) + ||

(2] + &)V (|| — )N

where C' is a positive constant independent of €. This implies (21).

Finally, we prove that v(z) = log(|z|), is a weak solution of (19). By (20), we
have that

Jov(z) = g-(x) in RV \ {0}.
Then, given ¢ € C°(RY \ {0}) we have that

[ Iv@e@ds = [ g.(@ota)da
s

RN
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that is

ey [ xam) I sayis = 5 [ w)pta)an,

R2N RN

Interchanging the roles of x and y

@) [0 xa@) D ooty = 5 [ aelo)el) da
R2N RN

Now, adding (24) and (25) and using that 1 — X 4_(y)(z) =1 —X4_(2)(y), we get

26) [ aohpla)do = [ (=) T HONAD =20 gy
RN ]RQN
By (21) we have that
) lim [ g.(a)p(a) do =0,
RN

On the other hand, we have that
¥,(v(e) ~ 0B (2) = W) _ 1 oy

|z — y[Nep
and
Xa.()(y) = 0ae. inR*N ase — 0%,
Then
slircl)h (1- XAe(I)(y)) lI}p(v(x) mvfy;)gﬁgxp) ) dydzx
(28) Rz

W, (v(z) —v T) —
(02 - ) ote) = ),

R2N
Since ¢ is arbitrary, by (26), (27) and (28), we conclude that v is a weak solution
of (6). O

4. HADAMARD PROPERTIES

To prove our Hadamard properties, we use comparison techniques that require
modifying the fundamental solution near the origin to put it below a weak fractional
superharmonic function near the origin.

4.1. Two fractional subharmonic functions. We start by building two weak
fractional subharmonic functions from the fundamental solution.

Throughout this section N > 2, 0<s<1,1<p<oo, N >ps,[ € (prTl, p;:f)
and 0 < e <1< r < R. Now, define
B,:=DB,0) (p>0), A.gp={zeR":r<|z|<R},

and

Bifo< x| <

€ if 0 < |z| <e,
x) =

¢ () {x|ﬂ if e < |z,

Lemma 4.1. There exists g € (0, 1) independent of R such that for any e € (0, ),

- is a weak solution of

(—Ap)’pe(x) <0 in A, g.
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Proof. Let ¢ € C°(A, r) be non-negative.Then

(29) / Uy (e () |_m¢_e(;l/)13’5_9051()x) —o(y)) dedy =T, + I,
]R2N
where
_ Vp(¢e(z) — ¢ (y) (p(x) — (y))
11_2/ / | — y|NFsp drdy
B. RN\ B,
o — lal?p!
=2 / PETET dy p(x)dx
RN\ B, B.
and

e [ Bl e0)e o),

(RN\B.)? o =yl

_ / ‘pr(lx\ﬁ—Iy\ﬁ)(w(x)—w(y))dxdy

|z —y|NHep
(RN\B.)?
[ el — e o),
B =y !
R2N
lly” — |=[°]P~"
RN\B, B:

By Theorem 3.1, we have that

B _ |p|B|p—1
I, =C(B) / |x|ﬁ(p71)fsp¢(x)dx+2 / Mdygp(z)dm.
RN

|w —y|NHop
RN\ B, B.
Then
G0 h+h=c) [ WOV @2 [ P,
RY RN\ B,
where
ly|? — |=|P|P~! — |ef — |o|P|P~? C1)—N—s
F(x) ::/ P EET dy = k(m,‘%l)dymﬁ(p 1)=N-—sp
Be BE
with
_ B p—l
()
k(x,z) = - Nt
& -

Making the change of variables z = \%I’ we have that

(31) F(x):/k:(x,ﬁ) dy | PPN =sp _ / K, 2)dz |2 2@~ D=,

B, B

e
[z]
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B
On the other hand, since || > r and S < 0, we have that (i) > (%)B, and

||

therefore

“Z|B—1|p71— p—1

(£)" -1

‘N-&-sp

k(z,z) <

T

= =2
[2]

Thus, by a simple change of variable and by rotation invariance, we have that

A8 1P (5 -1
(32) 0< /k(x,z)dzg / ="~ 1] &)

|el _ ZlN-‘rSP

p—1

dz.

Now, since |e; — z[ > 1 — £ for any z € Be, p>1, B e (—l pS_N),we get

p—1’ p—1
—1
1212 =17 = ()" =1
0< / dz
B ey — 2N P
(33) Ta
1 Q@ -
B(p—1) 7., _ N B(p—1)+N
- (S / A e R ) .
ﬁ T
Then, by (31), (32), and (33), we have that
AN e \Pe=DEN | i8(p-1)—s
(34) 0 S F(.’IJ) S (1 . E)N+sp (’IE”) |fE| P p7
for any z € RV \ B,.
By (29), (30), and (34), we obtain
Up(¢ (@) = ¢ () ((x) — ¢(y))
/ |z — y|NFsp dody <

R2N

2a \B(p—1)+N —1)—s
< (C(ﬁ)—i—(l_i)]\;v_i_sp(r) p—1)+ > / |x|5(p 1) Po(z)d.

RN\BT

Thus, by (2), we get
Up(9e(x) — ¢ (1)) (p(x) — ¢ (y))

|z — y|N+sp

dxdy <0

R2N

for any € small enough. O

Remark 4.1. It is worth noting that although Lemma 4.1 establishes that ¢ (x) =
max{|z|?, &} is (—A,)* non-positive in the weak sense, a similar conclusion holds
in the viscosity sense by standard arguments. Specifically, since both |z|® and €® are
(—A,)® non-positive in the viscosity sense, . inherits this property. Any viscosity
test function of . can be viewed as a test function for either |z|® or €, ensuring the
desired inequality. This connection helps bridge the weak and viscosity frameworks
and aligns with intuition from viscosity theory.

Before showing our next result, we define

N
r= Ar s e = )
A g " T(1—|—525)

™|~
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and
r if 0 < Jz| < e,
VYe(z) =< |2f  ifr. <|z| < 2,
(2r)? if 2r < |a|.
Observe that r. < § and 7. — 0" as ¢ — 0.
Lemma 4.2. There is e € (0,1) independent of r such that for any e € (0,ep), P

is a weak solution of

(—Ap)*Ye(z) <0 in A,.
Proof. Let ¢ € C°(A,) be non-negative. Then

55) / Uy (e () ‘— Y (y) (p(z) — ¢(y)) daedy = Jy + 25,

x—y|Nrep

R2N

where

e / ¥y (ve(2) l— v 0) (@) ~ o)) ;)

T — |N+sp

/ / |x7 |Nf)siz( D o(a)dyde.

A RN\ A,

Observe that
R\ A, =Cluc?uc?

with
Cl = Am%’ C?:=RN\ By, and C?:=B,,.
Then
p(lzl” = lyl”)
// iz — g ———————"—"dy p(x)dx
[l — (2r)? [P~ // \Tﬁflfﬂlﬁlp '
dy dz.
+A/ S o=y g el
Thus
U, (|z)? — |y|? T) —
nazn= [ o] Iwhi' y)lgﬁ(sp) SD(y))dxdyw/(Gl(:c)+Grz(:c))go(gc)dgc,
R2N A,
where

/IxIB— (2r)7 Pt — Jla]” — [yl

o= gl “

oo [ 1P =lelPt = el
B |z — y|[N+ep Y

By Theorem 3.1, we have

(36) Tty <2 / (Gr(2) + Ca(2)) () da.
A,
On the other hand, for any = € A,
Taﬁ(pfl)JrN
(37) GQ(LU) S N

TNJrsp ’
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by calculation as in the proof of Lemma 4.1.
Now, taking x € A,., we get

zl8 = (27)81P=1 — || 2|8 — |y|B|P—1
YT s e
cz

|z —y|[Nep
p—1 p—1
)Ty
| | DN
_/ T dy|z|PP=1)=N=sp,
ar [zl o]

Making the change of variable z = ﬁ, we obtain that

p—1
Ll

‘N+sp

dy|x\5(p_1)_3p.

o) = / ’1_ (ﬁﬁ)

RN\B 2,
\

z
2]

]

Since z € A, and 8 < 0, we have that 2 < 2% < 4 and

||

s .
()| el
B 7\ Bp—1)=sp
G < | v (5)

RN\By Tl ~ 2

e P I Vs

</ — v (3)

RN\ By Tl Z’

As the last integration is invariant under the rotation of coordinate axes, we get
(38) G, (JJ) < DNT’B(p_l)_Sp Va € Ar,

here Dy denotes a negative constant depending only on N.
Finally by (35), (36), (38) and (37),

Uy (e () — P (y) (p(2) — p(y))

|z —y| NP ey
R2N
Blr—1) pPe-D+N
p—1)—sp €
< | Dnr +an oy /SO(I) dx
-Ar
-0 Bp-1)
p—1)—sp
< |Dnv+an (1+€2ﬁ> r /go(x)dm.
A,
N
. ~(r-1)-7F . -
Since Dy < 0 and (ﬁ) — 07 as e — 0 there is a positive gq
independent of r such that
Wy (@) — ) (ow) = o)

|z —y|Nep
R2N
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4.2. Hadamard-type results. We are now in a position to prove our Hadamard
properties.

Lemma 4.3. Let N > 2, 0 < s<1landl < p < oo. If N > ps then for any
b€ (—p%, p;:iv) and any ro > 1 there is a positive constant C > 0 such that for

any u Z 0 non-negative lower semi-continuous weak solution of

(=A))*u>0 inRY,

we have that
m(r) > Cm(ro)r®  Vr>rg,
where m(r) == min{u(z): = € B.(0)}.

Proof. Let rg > 1. By Lemma 4.1, there exist ¢g > 0 such that ¢. is a weak solution
of

(39) (=Ap)*¢e(z) <0 in Ay R
for any R > rg. For any € > g9 and R > rg, we define

m(ro) {@(az) ~ R if 2] > ¢,

H, =—
#(®) e —RP |0 if |z] <e.

Observe that H r is a weak solution of (39) and u > H. r in RN \ A, g. Thus,
by the comparison principle (see, for instance, [14]), we have that u > H. r in RV.
Then

m(ro) .
u(x) > o Rﬁ(|w|ﬂ —RP)in A, &
Passing to limits as R — oo, we have that
u(z) > mg(;o) |z|? in {z € RN : |z| > ro}.

Finally, taking C = ¢, # we have

m(r) > Cm(ro)rﬁ Yr > ro.

Our second Hadamard property is

Lemma 4.4. Let N > 2, 0<s<1landl <p < oco. If N > ps then there is a
positive constant C > 0 such that for any u #Z 0 non-negative lower semi-continuous
weak solution of

(=A))*u>0 inRY
we have that
m(g) < Cm(r) Vr>1,

where m(r) :== min{u(z): z € B.(0)}.
N

Proof. Let r > 1 and 8 € —o1 p;:{v) . By Lemma 4.2, there is ¢g > 0 indepen-
dent of 7 such that 1. is a weak solution of
(40) (—A,)°Ye(z) <0 in A,.

For any € > ¢p, we define
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Observe that J. , is also weak solution of (40) and u > J., in R \ A,.. Thus, by
the comparison principle, we have that v > J, , in RY. Then

oy J @) @) o L,
m(r)>m(2)mm{M.|x|—r}—m(2)

B _ 9B B

—1
r? (ﬁ) —20rP

— (2r

=m(5)e(l-2°).
Finally, taking C = (1 — 2°) we have
m(r) > Cm (%) .

5. A LIOUVILLE-TYPE THEOREM

We now prove a Liouville-type theorem. We split the proof into two cases.

5.1. Case N < sp. Let 8 € (O Bz N) 0<e<1l<r<R,and u be a non-
negative lower semi-continuous Weak solution of

(41) (=Ap)*u>0 inRY.

We know, by Theorem 1.1, vg(z) = |z|? is a weak solution of
(42) (—Ap)us(w) = C(B)lal "D~ in RN \ {0}
with C(5) > 0 (see (2)). We now define

1 it 0 <z| <e,
B_ g8 .
05(z) = m(r) { B if e < |2 < R,
0 if R < |z],

where m(r) := min{u(z): = € B.(0)}.
First, we prove the following auxiliary result.

Lemma 5.1. For e sufficiently small, 05 is a weak solution of
(43) (=Ap)*05(z) <0 in A, g
Proof. Let ¢ € C§°(A, r) be non-negative. Then

/ Up(05(2) — 05(y))(w(z) — 9(y))

dedy =11 + Is + I3,

|z —y|[ NP
RZN
where
B ‘mlﬁ 5ﬂ|:0 1
h=- mwm =y / o= g Pyl
Ar R Be(
2m(r)P~" |R® — |a|P|P1
b= | oy LA

Ay, r RN\ Bg(0)
Lo mort (gl — [ e) ~ o),
R e [w— gV .
2

e, R

Observe that

_ om(r)P! Vy(lyl” = |2°) (o(z) — ¢(y))
s = [pp —epp / | — y[NFp
R2N

dedy + J1 + Jo
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with

lel? [yl
e |Rﬁ—eﬁ|p1/ | i et

A, r B:(0)
_ [
2= |R/3 - 55|P 1 / / Tl —y[Ntee pla)dydz.
Ar,.R RN\BR(0
Then, using that vs(x) = |z|? is a weak solution of (42), we have that

Uy (05(z) = 05(y))(w(z) — ¢(y))

i =
|Rﬁfeﬁ|p1 |/ / l=|? - |yTg|EP-1y—N||if—e“‘lgo(x)dydx
Ar.r Be(
s [ M s
|Rﬁ — 55|P*1AT’R ) |$ — y|N+SP
—c(ﬁ)w / DR @)

lel? — [ol 71 — Jlaff — <81
< |Rﬁ—eﬂ|p 1 / / w— g p(x)dyde

s R BE(O

C<6)|R,3 Eﬁ‘p 1 / ‘xlﬁ(P 1)—sp ( )d

Note that, for any = € A, g, using the change of variable z = %, we have

B _ |ylBlp—1 _ B _ Blp-1
/ ||z} = [y]”] ||| — €”] dy =
|z — y|[NEeP
B.(0)
() ()
o dy|x|ﬁ(p*1)*N*sp
| & —
B (0) [z] =
B
e e - 1
= NTe dz|x|ﬁ(p* )—sp
B (0) Tl Z‘
N
< O‘NEN |z|BP=D)=sp,
(1=5)""
Therefore,
U, (05(x) — 65 ) —
p(05(z) — 05(y)) (p(z) @(y))dxdy:

|z —y| NP

m(r)P=! 2ayeN s
= |RE — eBlp—1 ( c\N+sp —C() / |33|B(p 2 Po(z)dr, < 0
(1-%) R

provided ¢ is small enough.

R2N
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We now prove our Liouville-type theorem for the case sp > N.

Theorem 5.1. Let N > 20 < s<1,and1l <p < oo. If N < ps and u is a
non-negative lower semi-continuous weak solution of (41), then u is constant.

Proof. Let 8 € (0, p;:iv) and 0 < e <1< r < R. By Lemma 5.1, for ¢ sufficiently
small, 0 is a weak solution of (43) and it is easy to see that 65 < u in RN\ A, g.
Thus, by the comparison principle, we have that 92 < w in RN. Therefore m(r) <
u(z) for any || > r. Then there is zy € B,(0) such that u(zg) < u(x) for any
r € RN,
On the other hand, by [26] (see also [3]), we know the w is a viscosity solution
of (41). Finally, since u attains its minimum, we can conclude that u is constant.
O

5.2. Cases N = sp. Let 0 < e <1 < r < R. In this case, we take a non-negative
function (. € C°(Q) such that

1 ifl‘EBg(O),
C(x) = { . ]%
0 ifzeRY\ B(0),

and
£ (x) = {log(sc|) —log(e) + k¢ (x) if x € B-(0),
0 if z € RNV \ B.(0),
where k is a positive constant to be chosen later.
By Theorem 1.1 and [24, Lemma 2.8], we have that p.(z) = &.(x) — log(|z|)
satisfies
(—A,)°pe(z) =h(z) in A g
where for a.e. Lebesgue point = € A, r

F(z,y)
h(x) = 2/ ————dy
(=) B.(0) |7 — y[N TP
with

F(z,y) = ¥p (—log (|z]) + log (yl) — & (y)) — ¥p (—log (|z[) + log (|yl)) -
Observe that, for a.e. Lebesgue point z € A, g and for any y € B.(0), we have
F(z,y) = Up(—log(|z]) + log(e) — w(y)) + (log(|z[) — log(y|)P~*
= (log(|z]) —log(ly)) [P~ — (log(|z[) — log(e) + w&(y))* .
Then for a.e. Lebesgue point z € A, r

B (log(|z|) —log(|y]))P~* — (log(|z|) —log(e) + k& (y))P~*
h(l’) - 2/%5(0) |$ _ y|N+sp dy

Now we choose x large enough so that h(z) < 0 for a.e. Lebesgue point = € A, g.
Then, we can prove the second case of our Liouville-type theorem.

Theorem 5.2. Let N > 2,0 < s <1l,and 1 < p < oo. If N =ps and u is a
non-negative lower semi-continuous weak solution of (41), then u is constant.

Proof. Let u be a non-negative lower semi-continuous weak solution of (41) and

Pe(z) + log(R)
e =
o(@) = mlr) = log(e) + k + log(R)
where m(r) :== min{u(x): z € B,(0)}. Then 6. is a weak solution of (43) and it is
easy to see that 0, < u in RN \ A, r. Thus, by the comparison principle, we have
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that 0. < u in RY. Therefore m(r) < u(z) for any |z| > r. Then there is 7o € B,.(0)
such that u(zg) < u(z) for any z € RV,

On the other hand, by [26] (see also [3]), we know that w is a viscosity solution of
(41). Finally, since u attains its minimum, we can conclude that w is constant. [

6. A NONLINEAR LIOUVILLE-TYPE THEOREM

In this last section, we prove our non-linear Liouville-type theorem (see Theorem
1.3). As before, we split the proof in two cases.

6.1. The sub-critical case. First, we show the following result.

Theorem 6.1. Let N >20<s<1,1<p< oo, and N > ps. If0<q<%$

and u € C(RY) is a non-negative weak solution of
(44) (=Ap)u—u? >0 inRY.
then u = 0.
Proof. Let u be a non-negative lower semi-continuous weak solution of (44). By
[3], u is a viscosity solution of (44).

We suppose by contradiction that u # 0 in RY. By [14, Theorem 1.2], we have
that v > 0 a.e. in RV,

On the other hand, by [26] (see also [3]), we know the u is a viscosity solution of

(=Ap)*u(x) >0 in RY.

Therefore u > 0 in RV,
Let’s take a function p € C°°([0, c0), R) such that u is non-increasing, 0 < p < 1,

and
1 ifo<t< i
t) = - %
ut) {0 if1> 1.

Then, by [24, Proposition 2.12], there is a positive constant C' such that w(z) =
u(|x]) satisfies in strongly sense

(—Ap)°w(x) <C  in By(0).
Now, for any R > 1, we take

c@) =m (%) n (i),
where m () = min {u(ac) x € R(O)} . Observe that ( satisfies in strongly sense
2

(45) (=Ap)°C(x) <m (%)P—l RC};s

Here, C is a positive constant independent of R.
On the other hand, since ¢(z) < u(x) in RN\A%_’R and u is lower semi-continuous
function, there is xg € Br(0) such that u(zg)—{(zg) < u(z)—{(z) for any z € RN
We divide the rest of the proof into two cases.

Case 1: & < |zg| < R. We take r < dist(z g, dBr(0)), and
bo(z) = ((z) — l(xr) + u(xr) if z € B.(zR),
" u(x) if 2 € RN\ B,.(xR).
Note that ¢r(2) € C*(B,(zr)), br(r) = ulwr), é,(x) < u(z) in Bu(zg) and

Vo, (xr) = V. (xr) # 0. Then, since u is a viscosity solution of (44), we have that
w(zr)? < (=Ap)°¢r(zg).

in Br(0).
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Now, using that u(zr) — ((rr) < u(z) — {(z) for any x € RN, 2 € Bg(0), and
(45), we get

-1 C
Rps’

m(R)q S (_Ap)s¢r(xR) S (_Ap)SCr(xR) S m (%)P
Then, by Lemma 4.4, we have

c
m(R)? < Rpsm(R)p VR >1

where C' is a positive constant independent of R. If 0 < ¢ < p — 1, we obtain a
contradiction. On the other hand, if ¢ > p — 1, we have

m(R) < CR"
where kK = — f’;ﬂ. Sincep—1<g¢q< %{;i% there is 3 € (%7 p;:{\/) such that

Kk < B. Then, by Lemma 39, there is rg > 1 and a positive constant such that
m(R) < CR" < CR*Pm(R) VR > ro.
We again obtain a contradiction.
Case 2: |zp| < £. Then
0 <u(zg) —m(£) =u(xr) — {(zr) < ulz) — {(z) VaeRV.
In particular, if we Z € Bxr (0) so that u(Z) = m(£) we have that

0 < u(zg) —m(%)

IA

0.

Therefore u(zg) = m(£) and {(z) < u(x) for any z € RV,

Thus if p > %, we can proceed as in the previous case. But if 1 < p < 235, we
have a problem because z g is a critical point of ¢ but it is not isolated. Then ¢, is
not an admissible test function. To solve this problem, we take

b _ ((z)—m (&) |z —zg]" ifx € B (zg),
u(x) if v € B.(zR),

as a test function with

sp

v>2B and <R Y@ Dsp,

Observe that
m(R)? <u(zg)? < (—A,)°6r(zr)
<[ Memdrm@loarr?,
B, (zr)

|z — zg|N+sp

[u(zr) — u(@)[P"*(u(zr) — u(z))
+ /]RN\BT(xR) |z — zp|NTep dx.

Note that, 0 < p—1< 5°- <1 and {(rr) — {(r) >0 for any = € RY. Then, using
that

(a+0)?<a?+b! Va,b>0 ¢e(0,]1]
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(see [24]), ¢(z) < u(z) for any x € RN, and (45), we have that
m(R)! <u(zr)? < (=Ap)°dr(ar)

— (=1
R p—l/ |z — zg[” s
<m (% —————dx + (—A,)°C(xR)
(2) By (xn) ‘IE*I’R‘N+SP ( P)

<o (ot ) m(8

A

C -1
Smmm (8™ VR>1,

where C' is a positive constant independent of R.
Now the proof follows exactly the proof of Case 1. O

6.2. The super-critical. To conclude this article, we prove the following result.

Theorem 6.2. Let N >2,0<s<1,1<p<oo, and N > ps. If ¢ > ]\;V(pf;? then
there is a positive solution of (44).

Proof. In this case, we take k = —E— and
q—p+1
1
w(r) = ———.
@)= a5 Tr
Observe that, since ¢ > Ajfv(pf;i) we have that 0 < k < 1\;:1175.

For any = € RV \ {0}, we have that

1 1
2/ Vp(w(z) —w(y) , :2/ ‘I’P(umw - <1+|y\>*)d
oy T e T ey
v (1- (5H) )
1
/ » ) ) g
RN

(1 + |x|2)K(p—1)+sp+N N+sp

T Y
Izl 14|z]

Applying a rotation, we may assume that ﬁ =e; = (1,0,...,0) € RN, and via

the change of variable z = 1+1|m| (y + I%\) , and since

T Yy T T Yy T 1 ( N :17)
- =77 - =70 yr—1>
Tzl Tl fof A+l2)z]  T+fa] fo] 14|z ||

2(1 + |a]) < /RN Uy (w(z) — w(y))dy _ 2/RN ¥y <1 B (ﬁ%)) L.

o —y¥ fer — 2|V
Now, using that
1+ [z))lz] < 1T+ |1+ |z])z — e
we have

/ vy (1 _ (HI(%;T)'Z—@H) K) dz > / Mdz =0,
. R

|€1 _ Z|N+s;n _ Z‘N+Sp

N |61

Since, 0 > —k > p;:{v’ by (2), we have that C(—k) > 0. See also Remark 1.3.
Then,

C(—x) T w,

is a positive solution of (44). O
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