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ABSTRACT. In this paper, we investigate a mixed elliptic equation in-
volving both local and nonlocal Laplacian operators, with a power-type
nonlinearity. Specifically, we consider a Lane-Emden type equation of
the form

—Au+ (=AY u=u", inR"
where the operator combines the classical Laplacian and the fractional
Laplacian. We establish the existence of solutions for exponents slightly

below the critical local Sobolev exponent, that is, for p < Z—Jjg, with p
close to Z—fi

Our results show that, due to the interaction between the local and
nonlocal operators, this mixed Lane-Emden—Fowler equation does not
admit a critical exponent in the traditional sense. The existence proof
is carried out using a Lyapunov—-Schmidt type reduction method and,
as far as we know, provide the first example of an elliptic operator for
which the duality between critical exponents fails.

1. INTRODUCTION

The objective of this paper is to explore critical exponents associated with
a Lane-Emden type equation involving a mixed elliptic operator of the form

Lop(u) = —alAu+ b(—A)°u = u?,

with a,b € [0,00), with at least one of them strictly positive. As is well
known the fractional Laplacian is defined, up to a normalization constant
(which we omit for brevity), by a singular integral

(—A)°u(x) == lim ul@) — uly) u(y)dy.
r—=0" JRn\ B(z,r) ‘.%' - y‘n+28
We have to mention that the interest in problems involving mixed opera-
tors has increased significantly in recent years. This is partly due to their
ability to capture phenomena where both local and nonlocal effects coexist
that arises naturally in models combining classical diffusion (governed by
Brownian motion) and anomalous diffusion (described by Lévy-type pro-
cesses). Such a combination is relevant in diverse applications, including
materials with heterogeneous microstructure, financial models with both lo-
cal volatility and jumps. In biological systems where individuals may move
via both short- and long-range interactions these type of operators appear
1
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too. From a theoretical perspective, these problems pose interesting chal-
lenges due to the competing regularity and scaling behaviors of the local
and nonlocal parts. Some non exhaustive list reference in the topic could be
7,8, 1, 13, 11, 12, 14, 29, 31].

About the notion of critical exponents, it is well known that the critical
exponent in the whole space associated to

Fu) = u?,

where F'is a (possibly nonlinear) elliptic operator, local or nonlocal in na-
ture, is defined by

p«(F) = inf{p € R: there exists a positive solution solution to F'(u) = u? in R"}.

It is also known by the community that Lane-Emden type equations at
its critical exponent play a central role in the study of PDE’s problems as
illustrated the classical case F' = —A which connects the Yamabe problem
and sharp constants in Sobolev inequalities. See for instance [46, 45, 33].

On the other hand, the critical exponent in a bounded (smooth) domain
is defined by

p*(Q, F) :== sup{p € R: there exists a positive solution to F'(u) = u” in Q}.

For the classical Laplacian F' = —A and when 2 is star-shaped, it is well
known that a form of duality appears, that is,

n-+ 2
n—2’

see [39, 17, 19, 32]. In the radial case, this duality of the exponent (that
is p*(Br, —A) = p«(—A)) is clear, since a solution u,(r), r € (0,400) is a
solution of an ODE with positive initial condition «(0) = v > 0 that cross
or not the r-axes. In other words, if 1 < p < p; then there exists rg such
uy(ro) = 0, and if p > p; then uy(r) > 0 for all » € (0,+00). By scaling
~ can be an arbitrary value of RT. The Emden-Fowler transformation is a
classical change of variable to study this types of equations and gives the
radial duality described above.

P2 —A) =p(-A) =p1 =

Thus, it seems natural to find some domains 2 with non-trivial topology
(not star-shaped) such that p*(Q, —A) > p;. See for instance [22] and
also the starting point in [5] at the critical exponent p;. The case of the
exterior domain is discussed for example in [20] and the case of half space in
[25]. These types of domains are interesting for mixed operators but these
cases fall outside the scope of this work in which we focus on the complete

Euclidean space.

Returning to star-shaped domains or the whole space, similar results than
the local ones, hold when considering the purely nonlocal operator F' =
Loy = (—A)® (i.e. a=0and b =1). In fact, if Q is star-shaped then we
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also have duality of the exponents and

n+ 2s

(Q, (=A%) = —A)?) =ps = ———

PO (A)) = p(-8)°) = py = 2

(see [40, 42, 19]). Variational methods guarantee existence of solutions in

any regular bounded domain €2 for the subcritical range 1 < p < ps, when

) is not necessarily star-shaped, see [42]. Other results posed in the pure

nonlocal setting regarding critical can be found in, for example, [9], where
a Hénon-type equation is discussed.

Some other equations that have sub and supercritical phenomenas similar
to the problem (2) are for instance,

Au+v’+u?=0 in R 1<p<p <g,

studied in the seminal work of [34]. For that equation existence of positive
solution with fast decay are showed in [6]. See also [18].

Another closely connected problem with sub and supercritical behavior is
the Matukuna type problem of the form

Au+ K(r)u? =0, in R",

studied in [27] where fast decay solution exists for special K having sub and
super critical behavior. Moreover, the case where K is a mixed Henon type
with sub and supercritical behavior is studied in [2]. Fast decay solutions
also exist.

Returning to the case of mixed operators, if €2 is a star-shaped domain
and a,b > 0 it has been shown in Theorem 1.3 in [41]( see also example iv
in Section 2) that p*(£2, Lap) = p1. This value of the critical exponent also
appears in a Brezis—Nirenberg type result [12]. Using variational methods,
existence results in bounded domains have been established for the subcrit-
ical range 1 < p < p; in [36] even when b < 0.

This leads to the natural conjecture for star-shaped domains
p*(La,b) = p*(Qu La,b) = P1,
that affirms that also the duality holds for the mixed operator.

The main objective of the present work is to establish that the conjecture
is false and that, in fact, if € is a star-shaped domain it holds

p*(La,b) < p*(Q7 La,b) = P1,

providing the first example of an elliptic operator L, for which the duality
between critical exponents fails. Before detailing the concrete unexpected
result we are able to prove, we state a related conjecture that read as follows.

Conjecture: p,(L,p) = ps.

The proof of the previous conjecture need to be split into two parts.
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i) If 1 < p < ps one may expect that there is no solution to
(1) Lopu=u? in RY.

We notice that if we assume some extra integrability conditions on
the solutions at its gradient, this can be proved by applying the
Pohozaev identity given in Remark 3.1 of [41].

ii) The existence of solutions to (1) for p = ps + € could be proved
following a similar (but not straightforward at all) perturbation-type
arguments of the used in the present work. We think that a different
kind of functional framework should be used and the bubble function
associated to (—A)® may play an important role in the bifurcation
procedure.

Such critical exponents are tightly related to fundamental threshold phe-
nomena, where the existence of positive solutions typically changes abruptly.
Moreover, understanding the value of them for general operators F', includ-
ing nonlocal or mixed ones like —A + (—A)?%, not only extends the classical
theory but also sheds light on new regimes of nonlinearity, where local and
nonlocal effects interact in nontrivial ways.

Coming back to our objective, as we mentioned, we want to establish the
existence of radial solutions to

@ {TAut(CAYu=n(n-2u R poi=pi-en>3,
u>0 in R™

where for simplicity, without loss of generality we have taken
1
n(n —2)
in L,p, and € > 0 will be a small parameter. It is clear that u, is a solution
of (2) if and only if

a:b:

use(x) = 5ﬁu5(5:c), with § > 0,
is a solution of
3) {—Au + 620=9)(—A)*u = n(n — 2)uPs  in R”,
w>0 in R,

in a suitable energy space (see (5) below). Therefore, since it is well known
(see [45]) that the local problem

—Au=n(n—2)uP* in R",
u>0 in R”,
has the family of Talenti functions (scale by the initial condition)

n— 1
4)  Us(z) =6"TU (f) U(x)=——— §>0,y eR",
0 (1+a?) 2

as unique solutions, one of our goals is to show the following.
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Theorem 1.1. Letn > 3 and e > 0. There exists §(¢) such that the problem
(3) has a radial solution of the form

ze(x) = U(z) + ¢(x),
where ¢ — 0 in DY2(R™) and U is given in (4). In addition, by rescaling
back, there exists a solution of (2) that concentrates at the origin.

To prove it, we use a Lyapunov—Schmidt reduction method that has first
used in [30] in the context of partial differential equations and has become a
very active area in PDEs since then. For a review of some other perturbation
methods in R™ see the book [4] and also [18, 2]. In our particular case
we follow the Lyapunov—Schmidt reduction in the spirit of [37] wherethe
difficulties that the nonlocal operator introduces appear. The main idea of
this approach is to solve the problem in the orthogonal of the kernel of the
linearized operator denoted by K with some parameters (finite reduction)
and then find parameters so that there is also a solution to the full problem.
The parameters are chosen so the problem is always in the orthogonal space
of the Kernel K so is a solution to the problem in all space (not only in the
orthogonal of the K).

The paper is organized as follows. In Section 2 we introduce the frame-
work and the notation we will use along the work. Moreover we prove several
auxiliar lemmas that will be needed to establish the proof of Theorem 1.1
that is detailed in Section 3. We want to highlight the Lemma 2.8, a key
point in our approach, which establishes that the H*(R"™) semi-inner prod-
uct of the bubble solution with the unique element of the Kernel K has
a negative sign. From here we can find parameters to guarantee that the
projected solution is a full solution.

2. PROBLEM SETTING AND NOTATIONS

Given s € (0,1], D%%(R") denotes the clausure of C§°(R™) with respect
to the norm

2
/ / \x = ‘HHZ‘ dydr= [u]gs if s € (0,1),
/ |Vu|? de= [u] if s =1.
R”

It is important to note that when it is equipped with the inner product

/n / T _»(ﬁ(i)s ~O) gy dr it s € (0,1),

VuVvdz ifs=1,
Rn

lull? 2 =

the space D%2(R") becomes a Hilbert space. In the case s = 1, for notational
convenience we write (-, -) in place of (-,-);. We set

(5) X == DY2(R™) N Ltz (R),
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with the norm

©) = o { -

By the Nirenberg-Sobolev inequality and interpolation, we have the in-
clusion X C LY(R") with ¢ € [2n/(n + 2),2n/(n — 2)]. In particular, since
2 € [2n/(n + 2),2n/(n — 2)], it follows that X C L?(R"). Consequently, by
[23, Proposition 2.1], we deduce

X C D (R™),
for any s € (0,1).
Definition 2.1. Given s € (0,1), and § > 0, we define the operator

Ts: Ltz (R") — DV2(R™),

by setting
Zs(h) = u,

if and only if u is a weak solution of
(7) (=A)u+ 62 (=AY u+ 6209y =h in R
That is, u € D?(R") satisfies

u, V) + N u,v)s + - uv dr = vdzx,

< > 52(1 s)< ) 52(1 s) / d hod

n R

for any v € DM (R™).
By [10, Lemma 6.9 and Corollary 6.7], [43, Section 3.3 in Chapter 5] and
[24, Lemma 3.3], we have the following result.

2n

Lemma 2.1. Let § > 0 and h € L»+2(R"). If u € DY2(RY) is a weak

solution of (7) then u € W2’%(R") and there exists C = C(n,d) > 0 such
that

i 2 gy < CII 2 -

Remark 2.1. As a consequence of Lemma 2.1, the operator Zs maps into
the space X, that is

Ts: Lniz(R") — X.

Moreover Zs is continuous. Specifically, there exists a constant C' = C(n, )
such that

< n
IZsh) < CIAIL 2,

for all h € Ltz (R™).
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Clearly u is a weak solution of (3) if and only if

(8) u=7Z5(ge5(u)) and u € X.
where
(9) ges(t) = fo(t) + 670 7)t, with fo(t) = n(n — 2)(t1)",

here ¢, denotes the positive part of t. We also notice that

Lemma 2.2. Ifu € X is a non-trivial weak solution of (8) (i.e. of (3)) then
u >0 a.e inR™

Proof. Let u € X be a non-trivial solution of (8). Testing (8) with u_(x) =
max{—u(z),0} >0, (u=uy —u_, uy = max{u, 0} ), we clearly get

0= —IVu_ |25+ 80 (uy —u,u),
= [ Vu By + 6207 (g us)s — u]2,).

so that (uy,u_)s > 0 with in fact implies that (u4,u_)s = 0. Thus, from
(10) we obtain that u— = C, C' € R that, since u € X, implies C = 0 as
wanted. To get the strictly positivity of the solution, since we are working
in weak sense, using a Logarithmic Lemma (see [26]) and following the ideas
developed in [21, Lemma 3.3] we conclude.

(10)

O

Our next goal is to derive estimates depending on the parameters £ and
0. For this purpose, we need the following L?—estimate for the fractional
Laplacian.

Lemma 2.3. For any u € W24(R"), it holds that (—A)*u € LI(R™) and
[(=A)*ullLarny < Cllullwzagmn),
for some positive constant C depending only on n,s and q.

Proof. The proof follows ideas from [44, Subsection 4.1.1].
Let u € W24(R"). By the Minkowski inequality, we estimate

AN
</ Yy dx) <
1 6 5 dy q %
< Du(x + ny)|dndd———— | dx
Jo ey Iy 108t vy
1

/ </ /1/0|D2 ( )|9dndo d v dy
< ulz +ny)|dn m) —
ly|<1 nJo Jo |y[n+2(s=D)

< C(n, 5)||ullw2a@n)-

/ u(@ +y) +ulz —y) = 2u(z) ,
lyl<1 |y|m+2s

For the remainder of the proof, that is for the integral estimate when
ly] > 1 we refer to the estimate of I71 in the proof of Lemma 4.2 in [44].
This completes the proof. O
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Lemma 2.4. Let s € (0,1),0<e,0 < 1. Let ¢ € X, and define

We 5 = I&(ge,é(U + ¢))7

where gz 5 s given in (9) and U is defined in (4) Then, for e, and § small
enough, there exists a constant C > 0 independent of €, and & such that

ey = U < € (161772 + o] + 2 + 62079
for any ¢ € X where || - || was given in (6).
Proof. Let z :=w. s — U. Then z satisfies the equation
CA+8207) (A 820792 — f(UAd)— fo(U) 462079 p—520-9) (_A)T,
Firstly we estimate each terms of the right hand side
H = fo(U + ) = fo(U) + 8217 — 807 (- A)°U.

in the space L%(R"). For that we observe that by [37, Remarks 2.21 and
2.22], for sufficiently small e, and § there exists a positive constant C', inde-
pendent of €, and §, such that

11U + 0= o0 2y g = 1o +0) = £:0) = SOV,
LD A0 M, 2 gy + IOV, 21, 0

<C ([l +e+19l).

Moreover, since from [28, Page 259], we know that

(11) (—A)*U € Lnz(RY),

we clearly get that

(12) 1] < C(Hqﬁ\lpl_5+ 9|l +s+52<1—5)>,

for some positive constant C, independent of € and d, provided both are
2n
sufficiently small. Then, by Lemma 2.1 we get that z € W2’m(R”) and

2] @ < |z H <C (HGZ)HPFE + 1] +5+52(175)> 7

e (Rm) —
where C' is a positive constant independent of ¢ and §, provided both are
sufficiently small.
On the other hand, by Hélder and Nirenberg-Sobolev inequalities, by (12)
we also obtain

215 + 82070z, 2, 4 20 2]y = [ Hzdo
RTL
< ||

2n
L7t2 (Rn)

n+2

o o 11 2
) L2 (Rm)

< C (gl + gl + & + 62079

Therefore
[zlli2 <C (\|¢||p1—s + [|4]| Jr6+52(1_5)> ’
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which concludes the proof. [l
We introduce the following fundamental definition.

Definition 2.2. Let § > 0. The operator Ls: X — X is given by

(13) Ls(u) = u— Zs(go,6(U)u).

By [16, Lemma 2.8] we notice that Ly is a self-adjoint operator and is a
compact perturbation of the identity on X. We show now that the family
of operators Lgs converges to Ly as 6 — 0.

Lemma 2.5. For every u € X there exists C' > 0, independent of §, such
that

1Z5(u) = Lo(u)|| < C6*12),

provided as ¢ is small enough.

Proof. Let u € X, and ws := Ls(u), § > 0. Then, by definition
(14) ~A(u—wo) = n(n+ 2)Un-2w.

Since 0 < U € L*®(R"), and u € L%(R”), it follows from Lemma 2.1
that u — wy € Wz’n%l?(R”). Moreover, by Lemma 2.3, we also have that
(—A)*(u — wo) € Lt (R,

Let now zs := wo — ws and H = (—A)*(wo — u) + wo € LH%(R”). Since
ws = u — v with

(—A)’U + 62(178)(_A)sv + 52(178),0 _ n(n + 2)Uﬁu + 62(178)11,7

by (14) we get that zs satisfies the equation

(15) —Azs 4 27D (= A) 25 + 02179 25 = 209 H.
By Lemma 2.1, we deduce that z5 € Wz’n%(R”) and
N < . < 2(1—s)
1281, 20 gy < 202 gy < OO,

where C' > 0 is independent of 6.
Testing (15) against zs and using Nirenberg-Sobolev inequality, we get

lzsllt 2 < P HI 2, 2, < CEUT| 212,

HQTTL(]R)HZ(SHLTL72(RTL) =

where C' is a positive constant independent of . This completes the proof.
O

From now on, we restrict our analysis to the subspace
R = {u € X: u is radial}.

of radial functions. We have the following result whose proof we outline for
completeness.
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Lemma 2.6. Let § > 0. If u € R then Ls(u) € R, that is L(;‘R: R — R.

Moroever,
(16) Ker L0|R = span{}
where
n—2 n—2 1-—|z?
(17) P(z) =z VU + 5 U= > g ’JP’)”/Q.
Proof. The proof of Ls|,: R — R, is given in [24]. To show that (16) holds,
see [3, Lemma 3.12] or [38, Lemma 4.2]. O

Remark 2.2. If n > 3 then ¢ € H'(R") and therefore 1) € H*(R").
We define now
K={veR: (v,)12 =0},
and the continuous projection
II: R — K,
Moreover, for every § > 0 we define the operator Ls: K — K as
Ls(u) == TI(Ls| 5 (u)).

where Ly was given in (13). According to [37], the operator Ly is invertible
and Ly 1 is continuous. Moreover we can shows that Ls is invertible and
L(;_1 is continuous, as the following result reads.

Lemma 2.7. There exists 69 > 0 such that E(g is invertible and Z;l 18
continuous, for every § € (0,0p) .

Proof. Using Lemma 2.5, is clear that Lg(u) = Lo(u) + Rs(u) where
(18) | Rs|| < €507,
with C being a positive constant independent of §. Then
Ls = Lo(Id + Ly Rs).
Thus, by (18), for sufficiently small d, the operator E(g is invertible and
Lyl = (Id+ Ly'Rs) ' L5
O

We conclude this section with the following lemma that will be essential
for proving our main result.

Lemma 2.8. Letn > 2 and s € (0,1). Then

(19) / log(U)UP* dzx > 0,
and
(20) (U,9)s <0,

where ¥ was given in (17).
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Proof. To prove (19), see the proof of Lemma 2.19 in [37].
For (20), we use [28, (6.5)], where it is shown that

(—A)U () = C(n, 5)F <n+2s n—2(1-s) n —|x]2>

2 2 '’
where C(n, s) is a positive constant and F' denotes the Gaussian hypergeo-
metric function. Then,

(21)
B n—2 n+2s n—21-s) n o
Wb =)™ 72 [ (P52 R ) o) do
o n+2s n—2(1-s) n 1— p? _1
(n,S)/O < 5 5 X p>(1+p2)n/2p dp

= K(n, S)(Il +I2),

where K (n,s) is a positive constant, and we define

1 2
n+2s n—2(l—s) n 1—p _1
L= F , o) —— gy
: /0 < 2 2 2 )yt W

and
0 n+2s n—2(1—s) n 2) 1— p? 1
L=] F : PR I G
? / ( 2 R S e
By making the substitution p = 77!, we have
1 -2
n+2s n—2(1-s) n _, 1—7 1_ndT
L= F M- R b el
2 /0 ( 2 2 2T ) A2z’ 2
1 2
n+2s n—2(1—s) n _, 1—7 _3
- _ r - —_— dr.
/0 ( 2 ' 2 2 )ty Y
Then,
I+ 1 H TP g,
where
n+2s n—2(1—s) n 1
H(p)=F 20
(p) ( 5 5 v5 P )P
n+2s n—2(1—s) n _2\ _3
_F no .
< 2 b 2 727 p p
If
(22) H(p)<0 in (0,1),
then
I+ 1, <0.

Thus, from (21), we conclude that (20) holds. To complete the proof, it
remains to verify that (22) holds.
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By [35, Section 2.5, page 54], we have
—92(1—
r (%) I(1—s)
r(3)

1 1(n—2(2—s))/2
_ / tn=2@-9)/ [(1 I pZt)f(nJrZs)/anfl (P t)f(n+2s)/2pn+2373:| dt
0

(1—1t)s
9 (n+2s)/2
(,0 +t> 1) 1] di.

1 75(7172(273))/2 pn+2573
N /0 (L=t)s  (p241)n+29)/2 |\ 1+ p*t

H(p) =

Since

2 (n+2s)/2
p-+t 2(1—s)
—1<0 WVt 0,1
(£55) 0 -1<0 wpco,

we conclude that
H(p) <0 Vpe(0,1).

3. EXISTENCE

In this section, we demonstrate the existence of a radial function ¢, s such
that U + ¢, 5 satisfies equation (8).

We begin by noting that if U + ¢, s is a radial solution to (8), it must also
satisfy

(23) (U + ¢5 — Zs(9:,5(U + ¢25))) =0,

where g.; was given in (9). Then, our initial objective is to prove the
existence of a function ¢, 5 such that U + ¢, 5 solves (23). To achieve this,
we define the operator 7. s: K — K by

T.s(9) =Ly (H (T(-U + ) = fo(U) = f6(U)6 62<1S><—A>SU>)).

Taking into account the decay of (4), by using [15, Lemma 2.1] with a =
N — 1 we get that U € DY2(R"). Thus, by (11) is clear that (—=A)*U € X
so 1 s is well defined.

Observe that if ¢, 5 is a fixed point of T} 5, then U + ¢, s is a solution of
equation (23). Thus, our first task reduces to showing that 7} 5 possesses a
fixed point.

Once we establish the existence of a fixed point ¢, s for T 5, our next
objective will be to demonstrate that, for appropriate values of § and &, we
have

(24) (U ¢es —L5(9e,s(U + ¢e5)), 1) = 0.

Finally by (23) and (24), we will conclude that U + ¢, s satisfies equation
(8) for appropriate values of § and e.

To prove the existence of a fixed point, we first get the following
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Lemma 3.1. Leta € (0,1) and ¢ € B :={p € K : [|¢] < (e462(1=9))o},
Then
ITse () < (e + 80,

for e,6 small enough. That is, T5,6]B§75: Bg(s — B?,d

Proof. Let a € (0,1). Given ¢ € K , by Remark 2.1 and Lemma 2.6 is clear
that

| Ts(d)|| < CIZs(f=(U + ¢) — fo(U) — fo(U)p — 6>~} (=A)*V))||
< CIZs(f-(U + ¢) — f=(U) = LU + ClIZs(f-(U) — fo(U))]|
+ CIZs(FLU)¢ — fo(U)@)| + 22O Zs((—A)°U)) |
< CIZs(f-(U +9) = fo(U) = LS 2y
+ ClfU) = Fo(O)I, 2, 0y + CUFLD)S — F5(U)9)]

w2 ()
+00C | (-A)yU))|

L2 ()

2n .
L7A+2 (Rm)

['hen, by Holder inequality and using [37, Remark 2.1 and Remark 2.22],
we get
IT5. (o)l < C (HQSHPFE +e+ellol + 52(1*s)> :

for € small enough. Imposing now the condition ||¢| < (e 4+ 2079)) we
conclude

ITsc (@) < € (2 + 6207020179 4 (e 4 20741 4 o 620)

< (e 4 203,
due to p1 —e > 1 and the fact that a € (0,1). O
Our second step is to prove the next.
Lemma 3.2. For ¢ small enough we have that T576|B?,5 s a contraction
mapping.
Proof. Let ¢1,¢2 € BZs. Then
| T5.e(¢1) = Tse(2)|| < CIZs(fe(U + é1) = fe(U + d2) = fo(U) (1 — ¢2)) |
< ONZs(fo(U + ¢1) = f(U + ¢2) = fLU + ¢2)(¢1 — ¢2))) |
+ ClIZs((f2U + ¢2) — f2(U)) (1 — ¢2))
+ CIZ((f2(U) = fo(U)) (1 — 82))]-
Now by Remark 2.1 and [37, Remark 2.1 and Remark 2.2.], we get
[ T5.6(¢1) = Ts.e(d2) |
< O (llgr — @207~ + 2l 561 — @2l +<llgr — ¢2l)
< Dl|¢1 — #2]l,
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for some positive constant D < 1 due to p; —e > 1. [l

Then, by Lemmas 3.1 and 3.2 we can conclude the existence of a fix point.
That is.

Lemma 3.3. For € and 6 small enough there exists ¢. 5 € B2 s such that

Ts5.e(te5) = Pes

As we mentioned before, our final goal is to show that for appropriate
values of 0 and &, we have (24). From now on, we take ¢ such that p; —e > 1,

: 4 1 : @
(le. e < 25), a> P and we consider ¢ 5 € BZ;.

Lemma 3.4. For 0 < ¢e,0 <1 small enough we get

(U+ ¢es —I5(ges(U + pe5)), %) =€ /n log(U)UP . da: + 60=(U, )

+o(e + §2179)).

Proof. Let
Wes = Z5(9e,5(U + ¢e.5))-
Then, using the equations satisfy by U and v, we get

<U + ¢€,5 - I&(gs,J(U + ¢€,5))7 Qb) = <U + ¢5,5 - W5,57 ¢>
= <U7 1/}> + <¢6,57w> - <W5,57¢>

= [ () + 50005~ 10+ 625 v

+ §20-9) / (Wes — Uppda + 62N (We 5, 00) — 620 7%) . Pe,0 dx

R"

= [0+ 50165 50 + 600 i +50 [ (W5 = Uy
PO = U+ 8070, =80 [ g s
Observe that
/Rn (fo(U) + fo(U)pe 5 — [ (U + ¢-5)) b da =
zéxmw+ﬁwwm_ﬂw+%m¢w

+ [ (o) = W) wdat [ (@) = 1)) v

Following the computations done in [37, (3.20)—(3.23)], using that o > —

p1—¢

and (p1 — E)f—fg € (f—fQ, %) for e sufficiently small, we get

/R (fo)+F5(U)bes—fo(Utes))iode = / log(U)U™" ) d-+o(e+611~).

n
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On the other hand, since p; — e > 1, applying Lemma 2.4 and Remark
2.2, we get

P [ (g = Uy da 820N = V) = 2079 [ oo
n Rn

3

2(1-s) 2(1—s) - 2(1—s)
< O (0 Muag = Ul gy ) + 0 s = Ul 4 2ol )

R™)
< CO7 ([P 7% + g gll + € +6207)

< 0219 (€+ 52(1—3))

We can finally prove our main result.

Proof of Theorem 1.1. Let be ¢ > 0 and A > 0. Applying Lemma 3.4 with
§2(1=5) .— £\, we have that

A
U+ bs = Talaea(U + 6ot} =2 (A28 + EE2) ooy,
Since by Lemma 2.8,

A= log(U)UP*Y dx > 0, and B :== (U,v¢)s <0
Rn
we can take \g := —A/B > 0, that implies
o(e(1+ o))
8(1 + )\0)

That is, F(g,\g) = 0 for £ small enough, as wanted. O

F(g,\) = (14 N\o) =0(1) (with respect to ).

ACKNOWLEDGMENTS

All the authors were partially supported by the project Andalisis de Fourier
y Fcuaciones no locales en Derivadas Parciales Grant PID2023-148028NB-
100 founded by MCIN/ AEI/10.13039/501100011033/ FEDER, UE. AQ was
also partially supported by FONDECYT Grant 1231585. LMDP was also
supported by ANII under the programs “Movilizaciones AMSUD 2023-01”
(MOV CO 2023 1 1012406 and MOV CO 9 101336) and ANII FCE 3 2024
1 181302.

On behalf of all authors, the corresponding author states that
there is no conflict of interest.
No data associate for the submission.



16

(1]
2]

3]

(8]

(9]

[10]
(11]

(12]

(13]

[14]

[15]

[16]

(17]

(18]
(19]
20]

21]

B. BARRIOS, L. M. DEL PEZZO, AND A. QUAAS

REFERENCES

N. Abatangelo and M. Cozzi. An elliptic boundary value problem with fractional
nonlinearity. SIAM J. Math. Anal., 53(3):3577-3601, 2021.

S. Alarcén and A. Quaas. Large number of fast decay ground states to matukuma-
type equations. J. Differential Equations, 248:866-892, 2010.

A. Ambrosetti, J. Garcia Azorero, and I. Peral. Perturbation of Au+ u(
0, the scalar curvature problem in RY, and related topics. J. Funct. Anal., 165(1):117-
149, 1999.

A. Ambrosetti and A. Malchiodi. Perturbation Methods and Semilinear Elliptic Prob-
lems on R™. Progress in Mathematics. 2006.

A. Bahri and J. Coron. On a nonlinear elliptic equation involving the critical sobolev
exponent: The effect of the topology of the domain. Comm. Pure Appl. Math., 41:253—
294, 1988.

R. Bamén, 1. Flores, and M. del Pino. Ground states of semilinear elliptic equations:
A geometric approach. Ann. Inst. H. Poincaré Anal. Non Linéaire, 17:551-581, 2000.
G. Barles, E. Chasseigne, A. Ciomaga, and C. Imbert. Lipschitz regularity of solution-
s for mixed integro-differential equations. J. Differential Equations, 252:6012-6060,
2012.

G. Barles, E. Chasseigne, and C. Imbert. On the dirichlet problem for second order
elliptic integro-differential equations. Indiana Univ. Math. J., 57(1):213-246, 2008.
B. Barrios and A. Quaas. The sharp exponent in the study of the nonlocal hénon
equation in R™: a liouville theorem and an existence result. Calc. Var. Partial Dif-
ferential Equations, 59(114), 2020.

C. Bernard. Regularity of solutions to the fractional laplace equation. Preprint, 2014.
S. Biagi, S. Dipierro, E. Valdinoci, and E. Vecchi. Semilinear elliptic equations in-
volving mixed local and nonlocal operators. Proc. Roy. Soc. Edinburgh Sect. A,
151(5):1611-1641, 2021.

S. Biagi, S. Dipierro, E. Valdinoci, and E. Vecchi. Mixed local and nonlocal elliptic
operators: regularity and maximum principles. Comm. Partial Differential Equations,
47(3):585-629, 2022.

S. Biagi, S. Dipierro, E. Valdinoci, and E. Vecchi. A faber-krahn inequality for mixed
local and nonlocal operators. J. Anal. Math., 150:405-448, 2023.

A. Biswas, M. Modasiya, and A. Sen. Boundary regularity of mixed local-nonlocal
operators and its applications. Annali di Matematica Pura ed Applicata, 202:679-710,
2023.

M. Bonforte, P. Ibarrondo, and M. Ispizua. The Cauchy-Dirichlet problem for singular
nonlocal diffusions on bounded domains. Discrete Contin. Dyn. Syst., 43(3-4):1090—
1142, 2023.

K. J. Brown and N. Stavrakakis. Global bifurcation results for a semilinear elliptic
equation on all of RY. Duke Math. J., 85(1):77-94, 1996.

L. A. Caffarelli, B. Gidas, and J. Spruck. Asymptotic symmetry and local behavior of
semilinear elliptic equations with critical Sobolev growth. Comm. Pure Appl. Math.,
42(3):271-297, 19809.

J. Campos. “bubble-tower” phenomena in a semilinear elliptic equation with mixed
sobolev growth. Nonlinear Anal., 68:1382-1397, 2008.

W. Chen and C. Li. Classification of solutions of some nonlinear elliptic equations.
Duke Math. J., 3(3):615-622, 1991.

J. Davila, M. del Pino, and M. Musso. The supercritical lane-emden—fowler equation
in exterior domains. Commun. Partial Differential Equations, 32(8):1225-1243, 2007.
L. M. Del Pezzo and A. Quaas. A Hopf’s lemma and a strong minimum principle for
the fractional p-Laplacian. J. Differential Equations, 263(1):765-778, 2017.

N+2)/(N-2)



22]
23]

24]

[25]
[26]

27]

28]
[29]
[30]
31]
(32
33
(34

(35]

[36]

37]

(38]
39]
(40]

[41]

42]
(43]

(44]

MIXED LOCAL AND NONLOCAL LANE-EMDEN EQUATION 17

M. del Pino, P. Felmer, and M. Musso. Two-bubble solutions in the super-critical
bahri-coron’s problem. Calc. Var. Partial Differential Equations, 16(2):113-145, 2003.
E. Di Nezza, G. Palatucci, and E. Valdinoci. Hitchhiker’s guide to the fractional
Sobolev spaces. Bull. Sci. Math., 136(5):521-573, 2012.

S. Dipierro, X. Su, E. Valdinoci, and J. Zhang. Qualitative properties of positive
solutions of a mixed order nonlinear Schrodinger equation. Discrete Contin. Dyn.
Syst., 45(6):1948-2000, 2025.

L. Dupaigne, B. Sirakov, and P. Souplet. A liouville-type theorem for the lane—emden
equation in a half-space. Int. Math. Res. Not., 2022(12):9024-9043, 2022.

Y. Fang, B. Shang, and C. Zhang. Regularity theory for mixed local and nonlocal
parabolic p-Laplace equations. J. Geom. Anal., 32(1):Paper No. 22, 33, 2022.

P. Felmer, A. Quaas, and M. Tang. On the complex structure of positive solutions to
matukuma-type equations. Ann. Inst. H. Poincaré Anal. Non Linéaire, 26:869-887,
2009.

F. Ferrari and I. E. Verbitsky. Radial fractional Laplace operators and Hessian in-
equalities. J. Differential Equations, 253(1):244-272, 2012.

C. D. Filippis and G. Mingione. Gradient regularity in mixed local and nonlocal
problems. Math. Ann., 388:261-328, 2024.

A. Floer and A. Weinstein. Nonspreading wave packets for the cubic schrédinger
equation with a bounded potential. J. Funct. Anal., 69:397-408, 1986.

P. Garain and J. Kinnunen. On the regularity theory for mixed local and nonlocal
quasilinear elliptic equations. Trans. Amer. Math. Soc., 375(8):5393-5423, 2022.

B. Gidas and J. Spruck. Global and local behavior of positive solutions of nonlinear
elliptic equations. Comm. Pure Appl. Math., 34(4):525-598, 1981.

E. H. Lieb. Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities,
1983.

C. Lin and W.-M. Ni. A counterexample to the nodal domain conjecture and a related
semilinear equation. Proc. Amer. Math. Soc., 102:271-277, 1988.

W. Magnus, F. Oberhettinger, and R. P. Soni. Formulas and theorems for the special
functions of mathematical physics, volume Band 52 of Die Grundlehren der mathema-
tischen Wissenschaften. Springer-Verlag New York, Inc., New York, enlarged edition,
1966.

A. Maione, D. Mugnai, and E. Vecchi. Variational methods for nonpositive mixed
local-nonlocal operators. Fract. Calc. Appl. Anal., 26:943-961, 2023.

A. M. Micheletti and A. Pistoia. Existence of blowing-up solutions for a slightly
subcritical or a slightly supercritical non-linear elliptic equation on R™. Nonlinear
Anal., 52(1):173-195, 2003.

W.-M. Ni and I. Takagi. Locating the peaks of least-energy solutions to a semilinear
Neumann problem. Duke Math. J., 70(2):247-281, 1993.

S. I. Pohozaev. On the eigenfunctions of the equation Au + Af(u) = 0. Dokl. Akad.
Nauk SSSR, 165:36-39, 1965.

X. Ros-Oton and J. Serra. The pohozaev identity for the fractional laplacian. Arch.
Ration. Mech. Anal., 213:587-628, 2014.

X. Ros-Oton and J. Serra. Nonexistence results for nonlocal equations with critical
and supercritical nonlinearities. Comm. Partial Differential Equations, 40:115-133,
2015.

R. Servadei and E. Valdinoci. Variational methods for non-local operators of elliptic
type. Discrete Contin. Dyn. Syst., 33(5):2105-2137, 2013.

E. M. Stein. Singular integrals and differentiability properties of functions. Princeton
Mathematical Series, No. 30. Princeton University Press, Princeton, NJ, 1970.

X. Su, E. Valdinoci, Y. Wei, and J. Zhang. Regularity results for solutions of mixed
local and nonlocal elliptic equations. Math. Z., 302(3):1855-1878, 2022.



18 B. BARRIOS, L. M. DEL PEZZO, AND A. QUAAS

[45] G. Talenti. Best constant in Sobolev inequality. Ann. Mat. Pura Appl. (4), 110:353—
372, 1976.

[46] H. Yamabe. On a deformation of Riemannian structures on compact manifolds. Osaka
Math. J., 12:21-37, 1960.

BEGONA BARRIOS

DEPARTAMENTO DE ANALISIS MATEMATICO E IMAULL

UNIVERSIDAD DE LA LAGUNA

C/. AsTrOFfsico FRANCISCO SANCHEZ s/N, 38200 — LA LAGUNA, SPAIN
Email address: bbarrios@ull.edu.es

LeEANDRO M. DEL PEzzO

IESTA ~FACULTAD DE CIENCIAS ECONOMICAS Y DE ADMINISTRACION
UNIVERSIDAD DE LA REPUBLICA

Av. GoNzALO RAMIREZ 1926, 11200 MONTEVIDEO,

DEPARTAMENTO DE MONTEVIDEO - URUGUAY.

Email address: leandro.delpezzo@fcea.edu.uy

A. QuUAaAs

DEPARTAMENTO DE MATEMATICA, UNIVERSIDAD TECNICA FEDERICO SANTA MARIA
CASILLA V-110, AvDA. EsPANA, 1680 — VALPARATso, CHILE.

Email address: alexander.quaas@usm.cl



	1. Introduction
	2. Problem Setting and Notations
	3. Existence
	Acknowledgments
	References

