EXISTENCE OF POSITIVE SOLUTIONS FOR LOCAL-NONLOCAL
ELLIPTIC PROBLEMS IN EXTERIOR DOMAINS
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ABSTRACT. In this paper, we investigate the existence of positive solutions for a class of
elliptic problems driven by a mixed local-nonlocal operator in exterior domains. Specifically,
we consider the problem governed by the Laplacian and the fractional Laplacian, focusing on
the critical Sobolev exponent range and the interplay between local and nonlocal terms. Our
approach, inspired by variational methods and the foundational work of Benci and Cerami
(see [6]), extends classical existence results to a setting where the exterior geometry and
fractional effects play a crucial role.
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1. INTRODUCTION AND MAIN RESULTS
In the seminal paper [6], Benci and Cerami studied the nonlinear elliptic problem

—Au+ = |[uf"?u in Q,
(P) u>0 in Q and u # 0,

u=0 RN\Q,
where @ c RY is an unbounded domain with non-empty smooth boundary, N > 3, and
2<p< 2t = % They proved that for any fixed point 2o € RV \  and for any A € R, there
exists p = p(A\) > 0 such that if RY \ Q C B,(z), then the problem (P) admits at least one
positive solution.

This remarkable result sparked further research on similar classes of problems. For instance,
multiplicity results for this type of problem can be found in [14-16, 34], while the existence
of nodal solutions has been studied in [17]. Fractional Laplacian versions, involving purely
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nonlocal operators, were considered in [3,4,19], and fractional models with Choquard-type
nonlinearities were investigated in [39]. The scope of this research has since expanded to other
operators. For example, [2] established existence results for problems involving the diamagnetic
operator and complex-valued solutions.

Motivated by these developments and inspired by the approach [6], in this paper we study
the existence of solutions for the following class of local-nonlocal elliptic problems:

—Au+e(—=A)u+u=|uf2u inQ,
(P:) u>0 in Qand u#0,
u=0 RM\Q,

where Q ¢ RY is an exterior domain with non-empty smooth boundary 9Q, N > 3, s € (0,1),
p € (2,2") and € € (0,1).
We recall that the fractional Laplacian (—A)® is a nonlocal operator formally defined as

u(z) — u(y)

(—=A)’u(x) == C(N, S)P.V. LEET Y,

RN |ZL‘ —
where P.V. denotes the principal value of the integral, and C'(N, s) is a normalization constant.
For convenience, we will omit this constant C(N,s), as it does not affect the variational
structure or the qualitative behavior of solutions.

Our main contribution is the following theorem, which extends classical variational results
to a setting that combines local and nonlocal operators in exterior domains:

Theorem 1.1. Let Q C RN be an exterior domain with non-empty smooth boundary 09,
s € (0,1), N >2s,p € (2,2%) and € € (0,1). Then there exist p > 0 and €. > 0 such that
RN\ Q c B(0,p) and € € (0,¢,), the problem (P.) has at least one positive solution.

This theorem emphasizes the interplay between the classical local problem (¢ = 0) and a
mixed local-nonlocal model (¢ > 0), which combines standard and fractional diffusion effects.
Moreover, it highlights the influence of the exterior domain’s geometry on the existence of
solutions, a phenomenon absent in problems posed on the whole space.

Our approach combines variational methods, concentration-compactness arguments, and
refined analysis of the mixed local-nonlocal operator —A + e(—A)®, with careful consideration
of the fractional order s and the parameter ¢.

The study of mixed local-nonlocal operators is motivated by their occurrence in various
models in mathematical physics, ecology, and materials science. The classical Laplacian —A
describes standard diffusion or local interactions (see, for instance, [5,27]), while the fractional
Laplacian (—A)® models anomalous diffusion and long-range interactions, as observed in media
with heterogeneities, memory effects, or jump processes (see, for example, [32,33,40,42]). The
combined operator —A + £(—A)? offers a comprehensive framework that captures both local
and nonlocal diffusion phenomena, which is essential for accurately modeling systems where
both types of processes are relevant.

In recent years, the study of problems driven by mixed operators has garnered significant
interest, not only due to the mathematical intricacies arising from the combination of two
distinct operators but also because of their diverse applications. For instance, in [26]
examines the operator —A + (—A)® to model the dynamics of a biological species where
individuals disperse either via random walks or through jump processes, with the diffusion
mode determined by given probabilities. Further applications of mixed operators in biological
contexts are presented in [12,24, 35, 36].
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In addition, a broad range of studies has been conducted on mixed local-nonlocal
operators, approaching them from multiple perspectives such as regularity theory, existence
and nonexistence of solutions, variational methods, shape optimization, and eigenvalue
problems. For detailed insights, see, for example, [7-11, 18,23, 29, 38] and the references
therein. Collectively, these works highlight the intricate mathematical framework and the
broad relevance of mixed operators, paving the way for continued advancements in the field.

The structure of this paper is as follows. In Section 2, we introduce the functional setting
and recall essential embedding results. Section 3 is devoted to the variational framework and
the associated energy functionals. In Section 4, we establish a nonexistence result for ground
state solutions. Section 5 contains technical lemmas that are crucial for our main proof. The
proof of Theorem 1.1 is presented in Section 6.

2. FUNCTION SPACE

We now introduce a suitable functional framework for the study of mixed local-nonlocal
operators.
The proof of the following result can be found, for instance, in [21].

Lemma 2.1. If Q@ = RY or if Q has a bounded Lipschitz boundary, when there ezists a
continuous embedding H' () — H*(Q). That is, there exists a constant C = C(N,s) > 0 such
that

u(y)P 2 1
— < |
SQ //QXQ |ﬂ$—y|N+25 o NGas dydr < C”uHHl(Q), Yu e H (Q)

Let © ¢ RY be an exterior domain with non-empty smooth boundary, and let s € (0,1)
with N > 2s. We define the space X1?(Q) as the space Hg(Q) equipped with the norm

N

lulls = (Il + [0 px)

which is induced by the inner product

o= [wwe s [ Vuvuaes [[ WO b0 20,

With this structure, X?(Q) becomes a Hilbert space. Moreover, according to [7, Remark 2.2],
the following continuous embedding holds:

X12(Q) — L (Q)

where 2% == % denotes the critical Sobolev exponent. In particular, there exists a constant
S > 0 such that

SlullZr vy < 2,
As a consequence, we have the continuous embeddings
xL2(Q) = Lr(Q),
for all p € [2,2"] holds.
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3. ASSOCIATED FUNCTIONALS

Problem in exterior domain. We denote by J.: X1?(Q) — R the energy functional
associated with problem (P.), defined as

u(y)l? / 2, |12 > 1/
—dydx—i— Vul® + |ul*)dx ) — = | |u|Pdx.
< //RNXRN |z — y|VH2s Q(‘ 4 1) P Q’ |

Using standard arguments, one can show that 7. € C*(H}(Q),R) with Fréchet derivative given

by
RN xRN |z — y|N 2 Q Q
for all u, o € X12(Q).
The Nehari manifold associated with J; is defined by
Ne = {u e X22(Q)\ {0}: Tl (w)u = 0}
and the corresponding ground state energy level is given by

Me = ulel}\ffg ja(u)

A sequence {uy}ren € X1?(Q) is called a Palais-Smale sequence at level ¢ € R (or a (PS),
sequence) for the functional 7 if

Je(u) — ¢ and  J/(ug) =0 ask — oo.

Problem in RY with ¢ > 0. To prove our results, we will follow the methods used in [6].
However, to the best of our knowledge, the uniqueness of the solution for the limit problem

—Au+e(—A)u+u=|uf?u, inRY,
(P:o0) w>0, inRY,
ue HY(RY),

is not guaranteed.
Here H'(R") is endowed with the norm

1/2
_ 2 - u( )[?

which is equivalent to the standard norm.
The associated energy functional J; : H'(RY) — R is given by

- = // ()dedx—l—/ (]Vu\2+|u]2)dx —1/ |ulPdx
o) RN xRN ’Jf— y[ N+ RN P JrN .

Clearly, J: € C’1 (H'(RM),R). The Nehari manifold associated with Je 00 18 given by
Newo = {u € H'(RV)\ {0} : T/ o (u)u = 0}.
By following the same lines of the proof of [25, Theorems 1.1 and 1.5],we can establish the

following theorem.

Theorem 3.1. For any € > 0, problem (P: ) admits a positive, radially symmetric, classical
solution we such that

Peoo = Inf Tz oo(u) = T oo(we).

UENe, 00
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Furthermore, there exist constants 0 < C1 < Cy such that, for all |x| > 1,

Cl 02
[N S we(z) < L

Problem in RY with & = 0. To prove our main result, it is crucial to understand the behavior
of certain energy levels of the functional J,: H 1(RN ) — R associated with the problem
—Au+u=|uP%u, inRY,
(Pso) u>0, inRY,
ue HY(RY),
which is defined as

1 1
Too(u) = 2/RN (1Vul? + [uf?) dz — p/RN ulPda.
The Nehari manifold associated with J4 is
Noo = {u € HYRM)\ {0}: T (u)u = 0}.

For p € (2,2%), this problem has a unique positive solution (up to translation), which we
denote by y 1. This solution is smooth, radially symmetric about the origin, and monotonically
decreasing. Furthermore, we have

oo 1= Inf Too(1t) = oo (1):

For further details, we refer the reader to [28,41].
On the other hand, let Z: HJ(Q) — R be the restriction of Jo to Hg(f2),defined by

1 1
Z(u) = / <|Vu|2 + \u|2)d:1: - / |ulPdx.
2 Jao PJa
The associated Nehari manifold is
N ={ue Hj(Q)\{0}: T'(u)u =0},
and the corresponding critical level is

= inf 7
p = inf T(u).

4. A NONEXISTENCE OF GROUND STATE SOLUTION RESULT

In this section, we prove that problem (P.) does not admit a ground state solution. We
begin with the following key result.

Lemma 4.1. The levels p. and pic o satisfy
He = He,co-

Proof. We first observe that j. o < pe. In fact, for any u € N, there is ¢, > 0 satisfying
tyu € Ng oo. Hence

He, 0o <jaoo uu

tuu)( (tuu)(y)‘z / 2 2 1/ P
( //RZN |x_ i dudet | (\V(tuu)\ + [tuul )dx o L lda

tuw) () — (tsu) (y)]? 2 2 1 p
( //sz |m L dyda:+/9(|V(tuu)| + [tuul )dx —p/Q|tuu| dz

_ja uu <~7£( )
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This gives the desired result.
To conclude the proof, we must show the reverse inequality.
Let ¢ € C*°(R™) be a smooth cutoff function such that

0<¢<1, ((@)=0, x€B(0,p) and ((z)=1, z€RY\B(0,2),

where p is chosen so that R \ Q ¢ B(0, p).
Consider a sequence {y;} C € such that |yx| — +oo. For each k € N, define

or(z) = ((z)ws(z — yr),
where w, € N;  is the ground state solution provided by Theorem 3.1.
Let t; > 0 such that tpr € N.. Then,

(4.1) pe < ja(tk(;@k) = ja,oo(tkcpk)a Vk € N.
Note that for any x,y, z € RY, there is ko = ko(z,y,z) € N such that for all £ > ko
1C(z + yp)w:(2) —w:(2)| =0 and  Pg(z,y) =0,

where
(€(@ + yr) — Dwe(z) — (C(y + yr) — Dwe(y)

jx —y| 2t

(I)k (:Ev y) =
Moreover, we have the following estimates:

[C(2 + yr)we(2) — we(2)* < 2|we (=),
IV(C(z + yr)we(2) — we(2)? < C (Jwe(2)? + [Vuwe(2) )

and
|we (z) — we(y)] Clwe(y)| 2|we(y)|
[Bk(2,y)| < = T XBw) (@)t % —XBe)(2)-
lv —y|2™° lv —y|2™° |z —y|2™°

Applying the Dominated Convergence Theorem, we deduce that

(42) i G- = ) — (- — )2
—+00
We now claim that
4. li tr = 1.

Indeed, since tgpr € N, it holds that

—2
loll? = & /Q oxPd.

On the other hand, since w. € N; «, using (4.2) and the fact that

/|g0k|pd93—>/|w5]pdx as k — oo,
Q Q

we conclude that ¢, — 1 establishing (4.3).
Therefore, by (4.2) and (4.3),

lim x7€,oo(tk§0k) = x7€,oo(we) = Me,00-

k—4o00

Hence, from (4.1), we conclude that

(4.4) He < fle,co-

Combining the initial observation pe o < pe with (4.4), we obtain piz oo = pte, completing
the proof. 0
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Theorem 4.2. The problem (P:) does not admit a ground state solution.
Proof. Suppose, by contradiction, that there exists 0 < v € X1%(Q) such that
JUw) =0 and J(v) = inf Je(u) = e = e
ueN:

Extend v by zero outside €, so that v € H'(R"). Then,
ng(v) =0 with J:00(v) = pe,00s

which implies that v is a ground state solution to (P ).
However, since v = 0 in RY \ Q, for any zg € RY \ Q we have that v(xg) = 0, and therefore

Av(zo) >0 and (—A)°v(zg) <O0.

Hence,
= vP(z0) = —Av(xo) + &(—A)*v(x0) + v(z0) <O,

a contradiction. Therefore, no ground state solution exists for (F;). O

5. TECHNICAL RESULTS

In this section, we establish several auxiliary results that are essential for the proof of our
main theorem. We begin our analysis by proving the following convergence result.

Lemma 5.1. The following limit holds
lim Me,oo = Moo-
e—0t

Proof. Let 1 € N be such that

Joo (1) = poo and define ¢, := < [ 1le >p_2 .

fRN ’djvjdx
Then t.1) € M. « and it is straightforward to verify that ¢ — 1 as ¢ — 0. Consequently,
(5.1) foo = Joo(¥) = lIm Tz o0(10) > limsup fic oo-
e—0F e—0t

This inequality implies that the sequence {fic o} is bounded. As a result, the corresponding

sequence {w. }.~¢ is bounded in H}, ,(RY), due to

1 1
(5-3) Il = e e >0,

Let {ex}x be a sequence such that g5, — 0% as k — oco. Then, for the corresponding sequence
{ex}r, there is wy € H ,(R™) such that, up to a subsequence,

rad

we, — wo in HYy(RY) and  w, — wp in LP(RY).

Since J7, o (we,) =0, it follows that
, |we, () — we, (y)?
1 L L dxdy =
B2 [ el =0
and

(5.2) klln§o||w£k”12’fl(RN) :klggo/RN |wak‘pdx:/RN lwo[Pdzx.
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Define
p—2

B ||w€k”§{1(RN)

tp=| ———mmm=
/ |we, [Pdz
RN
Then tpwe, € No and
(5.3) lim ¢, = 1.
k—o0
Using this, we estimate:

Moo S joo(tgkwgk)
_ 2
— ooeltown) = 5 [ (teg02,)(2) = (tey e ) )P
2 RN xRN

oy

< B elin) + (=) [ e o

~ By (=) [ P
RN
From this estimate, together with (5.2) and (5.3), we conclude that

Moo < liminf g o.
e—0t

Combining this with (5.1), we obtain the desired limit

lim He oo = Moo
e—0t

O

We now turn our attention to the behavior of weak limits of (PS). sequences associated
with the functional J. as € becomes small. This analysis plays a crucial role in our approach.

Proposition 5.2. For each § € (0, ,u?.o); there exists 1 > 0, such that if {uy} is a nonnegative

(PS). sequence for J. with € € (0,e1) and ¢ € (foo + 0,2p0c — 0), then {ug}ir admits a weak
limit ug # 0.
Proof. We argue by contradiction. Suppose there exist 6* € (0, 'uﬁ), a sequence €, — 0 such
that for each n, there is a nonnegative (PS)., sequence {uf}; C X1?(Q) for J., with

en € (Moo + 07, 2000 — 07),

but every such sequence {uy }; has a weak limit equal to zero. Without loss of generality, we
may assume

(5.4) Cn = 1o € [foo + 07, 2100 — 07].
Since {u}}x is a (PS),,
(5.5) Ten(up) = ¢n and T (up) -0 as k — +oo.

sequence for J , we have

Using the definition of J., we get

2o — 0F
limsup [uf|2, < —"— < = —
e (1-3) (-3

Hence, we can asumme that the sequence {uf} ,, is bounded in X'?(Q).

Vn € N.
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Claim 1. There exist ¥ > 0, R > 0 and n € N satisfying
limsup sup / lu?|?dx > v, VYn > n.
k—+00 yeRN JB(y,R)

Otherwise, for each R > 0 and j € N, there exists a sequence {n;}; C N, with n; — oo, such
that

; 1
limsup sup / luy? Pdr < =.
k—+oco yeRN J B(y,R) J

Using the argument from [41, Lemma 1.21], this implies
limsup/ luy’|%dx = 0;(1), Vq € (2,2%).
k—400 JQ

Since J! (u;’) = ox(1), and {u;’ }; ; is bounded in X1?(2), we have
J

2, = /Q 9 Pda + oy(1),

and hence
limsup ||lu;’ |2 = 0;(1).
k—+o00 !

It follows that

. 1 .
oo + 0° < ¢y = limsup Tz (u?) < = limsup [|u;” ||§] =0;(1),
k—+o0 ’ 2 k—+o00

a contradiction.

By Claim 1, for each n, we can find a subsequence of {u}l'}; and a sequence {27}, C RY
such that

(5.6) / Jul [2dx >
B(ZZ,R)

Claim 2. For each n, we have

, Vk,neN.

(CNIAN

lim |z}| = +o0.
k—4-o00

Indeed, if {2} }; is bounded, there is R,, > 0 such that

/ lul |2dx > / Juft |2 dx > “>o.
B(0,Ry) B(=},R) 2

However, since uf — 0 in X%(Q2), we must have
lim lull|> =0,
k—+oco B(O,Rn)
which is a contradiction.

Combining Claim 2 with (5.5) and (5.6), for each n € N, we can choose k,, such that
n v n |2 n 1 ! n 1
n<lz | 5 < ug, [7dx, |, (uf,) —cn| <= and || TZ, (ug, )]l < =
2 Zﬁn,R) n n

Define u,, = uy , 2, == 2, . Then,

v 1 1
n<lml, L< / fun2dz, [ Ten(n) —cnl <~ and T, (un)l] < ~
2 B(zn,R n n
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Note that the sequence {u,} is bounded in X'%(Q2) and satisfies
En [un () — un(y)|?
€ n -7 n)l = & dydx = n(1
Fen) =T = 5 [[ e dyda = 0,(1)

and

Un () — u x) —
sup | T2 (un)p —T'(un)pl < sup &y // () n(y)]z[&(zs) ¢(y)]dydx

lell g1 o)<t lell g1 o) <1 RN xRN |z —yl

= op(1).
Hence, using (5.4),
T(up) = po, and Z'(up) — 0 as n — +oo.
Up to a subsequence, u, — ug in X>?(Q) and by standard argument, Z’(ug) = 0.
If u,, — ug in XY2(Q), then since |z,| — oo, we would get

/ luo|? dx < K, and / | |? daz — / luo|? d| < -
B(zn,R) 4 B(zn,R) B(zn,R) 4
for n large enough. Then, for n large enough

Y < / up, |2d2 < Z,

27 JBGuR) 2
which is a contradiction.

Thus u, 4 ug, and by [6, Lemma 3.1] there exist £ € N, k > 1 and vy, v, - , vy, solutions
of problem (Ps) such that
m

(5.7) T(un) = Z(ug) + »_ Joo(v5) + 0n(1)

j=1
If up = 0, then (5.7) implies
Z(un) = (m+ L)oo + 0n(1)
which ensures that po > (m + 1) oo > 2pi00, Which is a contradiction. Therefore, ug = 0, and
(5.7) gives pp > Moo So, m =1, v; > 0 and
Z(un) = Z(v1) + on(1) = poo + 0n(1),
yielding pg = fi0, which contradicts (5.4). This completes the proof. O

As a consequence of Proposition 5.2, we can show the following result.

7

Proposition 5.3. For every § € (0,?‘0), there exists €1 > 0 such that, if {ug}ren is a

nonnegative (PS). sequence for J. restricted to Nz with ¢ € (fieo + 0,200 — ) and € € (0,e1),
then there exists ug € XV2(Q) \ {0} such that up — ug in XH(Q).
Proof. Let {uy}r C Nz be such that
(5.8) JTe(ug) = ¢ € (poo + 0,200 — ) and || T (ug)|[« — 0, as k — +oo,
where

ITZ (W)« = sup {| T (w)¢| : ¢ € TLN: and gl <1}
Then, since {ug}r C N:, we obtain

1 1

(5.9) c= lim Jo(u) = lim <2 - p> [
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On the other hand, there is a sequence {\;} C R such that
(5.10) T2 (k) = ML (ug) + 0k (1),
where
£efu) = T = ful = [ Julda.
Since {ug}r C Nz and by (5.9), we get
(2 = p)lugl|Z = —2pc # 0.

Therefore, from (5.8) and (5.10), it follows that A\, — 0 as k — oo.

Furthermore, (5.10) implies that | J.|| — 0 as k — oo, so (ug)ken is a (PS). sequence for
Je in X12(Q).

The conclusion now follows directly from Proposition 5.2. 0

lim L. (ug)up = lim L (ug)up — pLe(uy) = lim
k—oco k—s0c0 k—o0

For R > 0, define the function

Define the barycentric function
r H'RY) S RN, r(u) = / () 2T (] ),
RN

and the sets
P = {uc xH(Q): u >0},
o ={ueN:NP:7(u) =0},
To:={ue NNP:1(u) =0},
and the real numbers

¢y = inf Jo(u) and cp:= inf Z(u).

ueT§ u€To
Clearly,
> pe > B and o> p > P,
where 3 is the constant given by the first geometric condition of the Mountain Pass Theorem.
Lemma 5.4. The following limit holds:
I = o
Proof. For each € > 0, fix v, € Ty such that
Je(ve) <cg+e
and let 0. > 0 be such that o.v. € N. Then o.v. € Ty, and we obtain

(5.11) co <I(o:v:) < JT(0:v:) < mg(}){jg(avg) = J:(ve) < g +e.

On the other hand, fix u. € Ty such that
T(ue) < cp+e <cy+ 2e,
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and let k. > 0 be such that k.u. € Nz.. Then k.u. € T; and we have

Kee)(T) — (’%UE)(?J)P
€ < = dyd
(IS je(ﬁsua) Hsus //]RNXRN |LL’ y‘N—i—Zs yax
5"3 |Ua ( )’2
5.12 <z dyd
(5.12) (1e) RN xRN |9C - |N+28 e

|ue () — ue(y )|
< Co 4+ ¢ —|— // d dr.
RN xRN \m—y\NHS

Since u. € N, we have
1

1 1
(53 ) Il = 7 = 27 (wue < o,

which shows that HuEH%Ié (@) is bounded. Moreover, by the mountain pass geometry of Z, it
follows that
2
HUEHHé(m -0 and ||u5||§,p(g) - 0.

These facts, together with the condition s.u. € Nz, imply that the sequence (k.) is bounded.
Hence, there exists a constant /C > 0 such that

jue(2) = uely)
<
5 oo M e <

Therefore, from (5.12), we obtain
(5.13) ¢y < o+ o:(1).
Combining inequalities (5.11) and (5.13), we conclude that

lim ¢ = cp.
e—0 0

Lemma 5.5. The inequality po < co holds.

Proof. Define the set
T ={ueXxHQ)nP: ullLr() = 1, 7(u) = 0}
and set
= inf |l o)
Note that, if u € 7y, then then the normalized function v €T and

Jull Lo (o)

2
u

co < ‘
ull zp (o)

Hg (2)
This implies
P
el < Nl g

Since u € Ty, we also have HUH%I&(Q) = HuHLP(Q), and so

ol op < el gy

which yields
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Hence, for all u € Ty,

Therefore,
1 1Y\ -2
(5.14) (2 — ) cb? < e
On the other hand, consider

M = inf{||u||§{1(RN): uwe HY(RV), / |ulPde = 1}
RN

then
1 1 _p_
1 o =Teo() == -~ =3
(5.15) oo = To) = (5 = 3 ) M5
By [6, Lemma 4.3] ,we have
M < &.

Combining this with (5.14) and (5.15), we conclude

1 1\ %
Poo < 5—]; ¢y < co,

as claimed.
Let n: RT U {0} — [0, 1] be a non-decreasing function of class C°° such that
n(t)=0 fort <1, n(t)=1 fort>2.
Let p > 0 be the smallest positive number such that
RY\ Q c B(0,p).

((x) =mn ('i) :

Given y € RY, consider the function v,,cH LRYN) defined by

Wy p(z) = C(x)v(z —y),
where 1) € Ny is a ground state solution of problem (Px,) (see Section 3).
For each y € RV, let oy, > 0 be such that

Define, for each z € RV,

Pep(y) = O-Z,p\:[l:%p € '/\/'E,oo-

With this notation, we have the following:

Lemma 5.6. The following assertions hold:
(1)
p}g—% Te00 (9ep(¥)) = poo  uniformly in y € RY.
(2) For each fized p > 0,
m Tz oo (0e,0(y) = ioo-

|y|— o0,
e—0
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Proof. (1) Arguing as in [1, Lemma 4.6] and [3, Lemma 4.1], we obtain

(5.16) H\I]y,l?H%Il(]RN) - HwH?il(RN)v H‘I’y,puip(Rw) - Hw”ip(ﬂw)
and
Wy p( // P(2)?
5.17 d d —d d
(5.17) //RNXM ra:—z|N+2s Y I P T

as p — 0, uniformy in y.
: g
Since oy, , ¥, , € N; 00, We have

_1
O_E — H\ijaﬂ”g v
Y,p ||\I] ’ p ( )

Then, from (5.16) and (5.17), we conclude

1
(e T
im o .=
p,e—0 e W”LP(RN)
uniformly in y.

Consequently, combining this with (5.16) and (5.17), we obtain

: 2 _ 12
pgglo oy pPuplle = 191 -

uniformly in y. Hence

lim jg oo((,Og p( )) - joo(w) = Moo,

p,e—0
uniformly in y.

(2) Fix p > 0 and consider a sequence {y }x € RY with |ys| — +00. Using the same arguments
as in the proof of Lemma 4.1, we get

. 2 __ 2 i
m Neen el = Wl oy and | tim e () ey = I ey
Therefore
i oo (e (00) = Toe (1) = e
e—0

As a consequence of Lemma 5.6-(1), we have the following result.
Lemma 5.7. Fiz § € (0, %) Then, there exist p = p(d) and e3 = £2(0) such that

SUP Jz,00 (e p(¥)) < 2p100 — 0, for all p < p and € < €.
yeRN

In what follows, we fix § € (0, %) such that ps + 6 < ¢g. Also, we fix p < p and Q such

that
RV \ Q c B(0,p).

Lemma 5.8. There exist e3 >0, R > p such that

(1) e < Telpeply)) < DHHeoe
(2) (7(2=p(y)),y) > 0 for |y =

for all |y] > R and e € (0,e3),
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Proof. (1) Since RN \ Q € B(0, p), by the definition of ¢, , we have ¢ ,(y) € Nz. Then, from
Lemma 4.1 and Theorem 4.2, we obtain

(5.18) Heoo = He < Js(‘PaP(Z/))a Ve > 0.

From Lemmas 5.1, 5.4 and 5.5, we deduce that for ¢ > 0 sufficiently small, there exists
€3 > 0 such that

£
oo < co + fhoo o< Co + He,co < co + Moo Yo, Vee (0,63).
2 2 2
Moreover, from Lemma 5.6-(2), there is R > p such that
co + ~
(5.19) Telpeply)) < = =g, Wee (0,2) and Jy| > R.

2
Combining (5.18)—(5.19), we conclude that item (1) holds.

(2) The proof follows similarly to the argument in [6, Lemma 4.3], and is therefore omitted. [

6. PROOF OoF THEOREM 1.1

Our goal in this section is to prove our main result. However, before doing so, we need to
introduce the following sets:

G = {¢epv): vl < R},
H = {f eCPNNLPON): f(u) =u if Jo(u) <
D= {£(9): f € H}.

The next result is stated in [6, Lemma 4.4], and its proof follows similar arguments. For this
reason, we omit it.

o + He,0o
2 7

Lemma 6.1. If A€ T, then ANTy # 0 for all e € (0,e3), where €3 is given in Lemma 5.8.
We are now ready to establish the existence of a higher energy positive solution.
Proof of Theorem 1.1. Define the level
6. = inf sup J-(u).

AeTl ucA
By Lemma 6.1, for each A € I there exits & € AN 7. Hence

c¢g = inf J(u) < J:(u) <supJ:(u), VAeT,
ueTy ucA

which implies
(6.1) cg < 6., Vee€(0,¢e3).
Now, let 6 € (0, %) be such that pe + 6 < ¢g. By Lemma 5.4, there is €4 > 0 such that

(6.2) foo +0 < ¢y, Ve € (0,e4).
By the definition of 4%, we also have

6. <supJ-(u), VAE€T,
ucA

and in particular,

C. < sup jc‘(f(@s,p(y)))v VfeH.
we,p(Y)€EG
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Taking f = Iz~ and using Lemma 5.7 we obtain

(6.3) C. < sup T p(y)) = sup Je(@ep(y)) < 2400 — 9, Ve € (0,¢e2).
e.0(y)€G ly|<R

From (6.1), (6.2) and (6.3), it follows that
foo + 0 < Gz < 2poo — 0, Ve < e5:=min{eg, e3,64}.
Therefore, there exists k > 0 such that

E
O<m<<€€—60+#.
Cg""ﬂa,oo

2
us € (PNN)N ja_l(‘gs — K, 6.+ k)

We claim that for each k € (0, 6. — >, there exists

such that
|72 (i)« < K,
where

|72 = sup {|T(w)el: ¢ € TN and gl <1}, Vu € AL

ot He 00

Assume by contradiction that this is false. Then there exists kg > 0 with kg < 6. — 5

such that .
Tl > 2. Vu € TN w0, % + o) 1 (PO,
By the Deformation Lemma (see [41, Lemma 5.15]), there exists 7 : [0,1] x PNN; — P NN

such that
Atu) =u, ifud T NE ko, C + o)

and
(6.4) H <1f”> c g,

where
T ={uePNN:: To(u) <~}

According to the definition of 4, we have

sup Je(u) < e + %, for some A € T.
ucA

K

Hence A ¢ 72712 , and from (6.4)

A1, A) c g5
implying
(6.5) sup  Je(u) <€ — o,

ue(1,A) 2

Since A € T, there is f € # such that A = f(G). Define
h=2Q1,)ofecCPNAN,PNN).
Note that for any uu such that

C(a) + He,00

JTe(u) < 5

< %8_K07
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we have
flu)=w and HZ(1,u) =u,
sohe H, and
H(1,4) = #(1,f(G)) = h(G) €T,
Therefore

6. < sup J(u),
ueH(1,A)
which contradicts (6.5). Thus, our claim holds.
We conclude that there exists u; € \78_1(655 — Ky 6=+ ki) N (PNNZ), with k; — 0 such that

|72 (u)ll« < kg, Yk €N,
that is, {ug}r C P NN is a (PS)e. sequence for J. with
G € (Hoo + 9,200 — 0).
Proposition 5.3 ensures that, there is £; > 0 such that for any € € (0,e1), {ux} has a weak
limit ue # 0 and
\75/(156) = 0.

Moreover, since (uy) C P, we also have u,. is a nonnegative function. Therefore, there is e, > 0
such that for any ¢ € (0,¢,), problem (P-) has at least one positive solution u. € X?(Q) with

ja(ua) € [,Uoo + 9, 20 — 5]7
concluding the proof of Theorem. O
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