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A B S T R A C T

In this paper we prove the existence, uniqueness and regularity of classical solutions
of a semilinear parabolic equation with a mixed local and nonlocal diffusion operator
 = −(−Δ)𝑠 + Δ and Dirichlet boundary conditions. Here, (−Δ)𝑠 is the integral fractional
laplacian and Δ is the classic local laplacian. We then study the interior regularity of said
solutions and conclude that they are Hölder continuous in both space and time, and they are
𝐶2,𝛼
𝑙𝑜𝑐 in space for all positive times.

1. Introduction
In this paper we will study the interior regularity of solutions of the following nonlinear nonlocal parabolic

dynamical system with Dirichlet boundary conditions:

⎧

⎪

⎨

⎪

⎩

𝑢𝑡(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑓 (𝑢(𝑥, 𝑡)), (𝑥, 𝑡) ∈ Ω × (0, 𝑇 ),
𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ Ω,
𝑢(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ ℝ𝑛 ⧵Ω × [0, 𝑇 ),

(1)

where we consider that 𝑇 ∈ (0,∞] is the maximal existence time of the solution and Ω ⊂ ℝ𝑛 is an open bounded
domain. The reaction term is a nonnegative function 𝑓 ∶  → ℝ+, where  = [0, 𝛼) for some 𝛼 > 0 and such that
𝑓 ∈ 𝐶1

𝑙𝑜𝑐() and 𝑓 is increasing. The initial data 𝑢0 lies in the space 𝐻1
0 (Ω) ∩ 𝐿

∞(Ω) and it satisfies 𝑢0(𝑥) ∈  a.e.
𝑥 ∈ Ω. The diffusion operator  is a combination of a nonlocal operator (the fractional laplacian) and a local operator
(the classical laplacian),

 = −(−Δ)𝑠 + Δ,

with 𝑠 ∈ (0, 1) and

(−Δ)𝑠𝜓(𝑥) =
𝐶𝑛,𝑠
2

P.V.
ˆ
ℝ𝑛

𝜓(𝑥) − 𝜓(𝑦)
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦, (2)

where 𝐶𝑛,𝑠 is a normalization constant that depends on 𝑛 and 𝑠 and P.V. denotes the principal value integral. This
principal value is used to avoid the singularity of the integrand at the diagonal 𝑥 = 𝑦, and is defined as

P.V.
ˆ
ℝ𝑛
𝐹 (𝑥, 𝑦)𝑑𝑦 = lim

𝜀→0+

ˆ
ℝ𝑛⧵𝐵𝜀(𝑥)

𝐹 (𝑥, 𝑦)𝑑𝑦.

This kind of operators generate high mathematical interest due to the combination of local and nonlocal mechanisms,
as well as due to the lack of scale invariance, see for example [1, 5, 27]. They are also highly interesting operators from
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Interior Regularity of Parabolic Mixed Local-Nonlocal Equations

an application viewpoint, being able to model diffusion phenomena with different time scales and bimodal power-law
distribution processes, see [25], among others. The main mechanism that differentiates the mixed operator from the
purely local or purely fractional laplacian is the combination of different scales, which rises the interesting question of
whether one of the scales prevail or both coexist in the end.

In this paper we will work with Dirichlet boundary conditions, which must be imposed in the whole complement
of the domain, ℝ𝑛 ⧵ Ω. This is natural in the field of nonlocal operators, since their nature forces us to establish the
value of the solution in the whole space ℝ𝑛, see [3, 4, 9, 18]. In our case, this is needed so that expression (2) makes
sense.

Notice that the semilinear reaction term in (1) is a locally Lipschitz function with a restricted domain. This was
inspired by the problem the authors strived to study in [20], where

𝑓 (𝑢(𝑥, 𝑡)) = 𝜆(1 − 𝑢(𝑥, 𝑡))−𝑝.

This reaction term explodes when ‖𝑢(⋅, 𝑡)‖𝐿∞(Ω) ↗ 1 as 𝑡 → 𝑇 . When this happens, the equation stops making sense
and we say that the solution presents quenching, see for example [22] for more information. Although this quenching
system was our main objective and the results in this paper are formulated in a somewhat particular case that simplifies
some arguments, those could also be easily adapted to the most general case in which  = (𝛼1, 𝛼2) with a little bit more
work.

The study of partial differential equations involving the mixed local and nonlocal operator  has been attracting
considerable attention, mainly in the elliptic framework. Some of those studies deal with existence and non-existence of
solutions [1, 6], eigenvalue problems [5, 12] or symmetry of solutions [8], while others, the ones we are most interested
in, study regularity of solutions, such as [27].

In contrast with the elliptic case, parabolic evolution equations with this mixed local and nonlocal operator have
not been studied as deeply, although some very interesting works already exist in this context. For example, in [10]
they study the interior 𝐶𝛼 regularity of the homogeneous parabolic problem: in [7] they deal with the existence and
non-existence of solutions for the Cauchy problem with a superlinear reaction term, and in [11] they obtain the Fujita
exponent and blow-up rate of the solutions for that same problem.

The main purpose of this article is to establish interior 𝐶2,𝛼 regularity for the semilinear mixed local-nonlocal
parabolic equation (1). We will also study and obtain a spatial 𝐿2−𝐿∞ estimate of the mixed local-nonlocal parabolic
equation with a zeroth order term, namely

⎧

⎪

⎨

⎪

⎩

𝑣𝑡(𝑥, 𝑡) = 𝑣(𝑥, 𝑡) + 𝑎(𝑥, 𝑡)𝑣(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω × (0, 𝑇 ′),
𝑣(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ Ω,
𝑣(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ ℝ𝑛 ⧵Ω × [0, 𝑇 ′),

(3)

where we consider that 𝑇 ′ ∈ (0,∞] is the maximal existence time of the solution and Ω ⊂ ℝ𝑛 is an open bounded
domain. The coefficient of the zeroth order term is a function 𝑎 ∈ 𝐿∞

𝑙𝑜𝑐(Ω × [0, 𝑇 ′)) and the initial data 𝑣0 lies in the
space 𝐻1

0 (Ω). This 𝐿2 − 𝐿∞ estimate will be a key ingredient on tackling the main objective of this paper.

1.1. Main results
Our first objective is to prove that system (1) admits classical solutions in the 𝐿2(Ω) framework. We will do so via

semigroup theory and find the following result

Proposition 1.1. For every 𝑢0 ∈ 𝐻1
0 (Ω) ∩ 𝐿

∞(Ω) such that 𝑢0(𝑥) ∈  a.e. 𝑥 ∈ Ω, there exists some 𝑇 = 𝑇 (𝑢0) > 0
such that system (1) admits a unique classical solution 𝑢 ∈ 𝐶((0, 𝑇 ), 𝐷()) ∩ 𝐶([0, 𝑇 ),𝐻1

0 (Ω)) ∩ 𝐶
1((0, 𝑇 ), 𝐿2(Ω)).

Furthermore, lim sup𝑡→𝑡0 ‖𝑢(⋅, 𝑡)‖𝐿∞(Ω) = 𝛼 if and only if 𝑡0 = 𝑇 .

Then, we will establish some initial interior regularity on the solution in both space and time.

Theorem 1.2. Let 𝑢 be the unique classical solution of system (1) and fix some (𝑥0, 𝑡0) ∈ Ω × (0, 𝑇 ). Define, for
any 𝜌 > 0, the parabolic cylinder 𝑄𝜌 = 𝐵𝜌(𝑥0) × [𝑡0 − 𝜌2, 𝑡0]. Then, for every 𝛼0 ∈ (0, 1), there exists some
𝑟∗ = 𝑟∗(𝑛, 𝑠, 𝛼0, 𝑥0, 𝑡0) ∈ (0, 1) such that for every 𝑟 ≤ 𝑟∗, it holds

−−
¨
𝑄𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 ≤ 𝑐𝑟2𝛼0 ,
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where 𝑐 = 𝑐(𝑛, 𝑠, 𝛼0, 𝑟∗, ‖𝑓 (𝑢)‖𝐿∞(Ω×[0,𝑡0]), ‖𝑢‖𝐿2(𝑄𝑟∗ )
, Tail∞(𝑢, 𝑥0, 𝑟∗, 𝑡0−𝑟2∗, 𝑡0)). In particular, the solution 𝑢 is locally

Hölder continuous of exponent 𝛼0 in both space and time.

Next, we will obtain an𝐿2−𝐿∞ estimate in space for system (3), which will help us in the last stretch of the article.

Theorem 1.3. Let 𝑣 be the unique classical solution to (3). Let (𝑥0, 𝑡0) ∈ Ω × (0, 𝑇 ′), 𝜏 ∈ (0, 1), 𝑅 ∈ (0, 1) and
𝑄𝑅 = 𝐵𝑅(𝑥0) × (𝑡0 − 𝑅2, 𝑡0), such that 𝐵𝑅(𝑥0) ⊂ Ω and [𝑡0 −𝑅2, 𝑡0] ⊂ (0, 𝑇 ). Then it holds that

‖𝑣‖𝐿∞(𝑄𝜏𝑅) ≤ 𝐶𝑅− 𝑛
2 𝜏−

𝑛
2−1(1 − 𝜏)−(

𝑛
2+𝑠)(

𝑛
2+1)

‖𝑣‖𝐿∞([𝑡0−𝑅2,𝑡0],𝐿2(Ω)), (4)

where 𝐶 = 𝐶(𝑛, 𝑠, ‖𝑎‖𝐿∞(Ω×[0,𝑡0])).

Finally, we will combine these results into the main objective of this article, which is to obtain higher interior
regularity in space for solutions of (1).

Theorem 1.4. Let 𝑢 be the unique classical solution of system (1). Then for every 𝛼0 ∈ (0, 1), 𝑢𝑡 ∈ 𝐶𝛼0𝑙𝑜𝑐(Ω × [0, 𝑇 ))
and 𝑢(⋅, 𝑡) ∈ 𝐶2,𝛼0

𝑙𝑜𝑐 (Ω) for every 𝑡 ∈ (0, 𝑇 ).

The paper is structured as follows: in Section 2 we will introduce some relevant definitions and notation. Then,
in Section 3, we will obtain the existence, uniqueness and some regularity of solutions to system (1) by proving
Proposition 1.1. In order to do so, we will also establish some comparison results for the same system, see Lemma
3.2 and Lemma 3.4. In Section 4, we prove Theorem 1.2, that is, the Hölder continuity in space and time of solutions
of (1). We do so via a Campanato argument. Then, in Section 5, we prove Theorem 1.3, which gives us an 𝐿2 − 𝐿∞

estimate on space of solutions of (3). This is done by obtaining a Caccioppoli inequality for the system, see Lemma
5.3, and then applying a Moser iteration argument, see Lemma 5.4. Finally, in Section 6, we prove Theorem 1.4 by
applying the known elliptic regularity for the mixed operator  = −(−Δ)𝑠+Δ together with the results on the previous
sections. This way, we determine the 𝐶2,𝛼

𝑙𝑜𝑐 regularity in space of solutions to (1).

2. Preliminary notions and results
In this section we will properly state definitions and results that will be used throughout the paper, taking special

care with the regularity of our operator = −(−Δ)𝑠+Δ. Throughout this section, we will assume that 𝑘 ∈ ℕ, 𝛼 ∈ (0, 1)
and 𝑠 ∈ (0, 1).

First, let us define some of the spaces that will be used extensively in our work.

𝐻1
0 (Ω) =

{

𝜑 ∈ 𝐿2(Ω) ∶ ∇𝜑 ∈ 𝐿2(Ω) and Tr 𝜑 = 0 on 𝜕Ω
}

𝐻𝑠(ℝ𝑛) =
{

𝑢 ∈ 𝐿2(ℝ𝑛) ∶ [𝑢]2𝑠 =
¨

ℝ𝑛×ℝ𝑛

(𝑢(𝑥) − 𝑢(𝑦))2

|𝑥 − 𝑦|𝑛+2𝑠
< ∞

}

𝐻𝑠
0(Ω) ={𝑢 ∈ 𝐻𝑠(ℝ𝑛) ∶ 𝑢 = 0 a.e. in ℝ𝑛 ⧵Ω}

𝐷() =
{

𝜑 ∈ 𝐿2(Ω) ∶ 𝜑 ∈ 𝐿2(Ω)
}

𝐶𝑘(Ω) =
{

𝜑 ∶ Ω → ℝ ∶ 𝐷𝛽𝜑 ∈ 𝐶(Ω) for every |𝛽| ≤ 𝑘
}

𝐶𝑘,𝛼(Ω) =
{

𝜑 ∈ 𝐶𝑘(Ω) ∶ 𝐷𝛽𝜑 ∈ 𝐶𝛼(Ω) for every |𝛽| = 𝑘
}

𝐶𝑘,𝛼𝑙𝑜𝑐 (Ω) =
{

𝜑 ∈ 𝐶𝑘(Ω) ∶ 𝐷𝛽𝜑 ∈ 𝐶𝛼𝑙𝑜𝑐(Ω) for every |𝛽| = 𝑘
}

𝐶𝑘,1(Ω) =
{

𝜑 ∈ 𝐶𝑘(Ω) ∶ 𝐷𝛽𝜑 ∈ Lip(Ω) for every |𝛽| = 𝑘
}

𝐶𝑘,1(Ω) =
{

𝜑 ∈ 𝐶𝑘(Ω) ∶ 𝐷𝛽𝜑 ∈ Lip𝑙𝑜𝑐(Ω) for every |𝛽| = 𝑘
}

𝐿1
2𝑠(ℝ

𝑛) =
{

𝜑 ∈ 𝐿1
𝑙𝑜𝑐(ℝ

𝑛) ∶
ˆ
ℝ𝑛

|𝜑(𝑦)|
1 + |𝑦|𝑛+2𝑠

𝑑𝑦 < ∞
}

.

Notice that the space 𝐻1
0 (Ω) can be naturally identified with the space

𝐻̃1
0 (Ω) =

{

𝜑 ∈ 𝐿2(ℝ𝑛) ∶ ∇𝜑 ∈ 𝐿2(ℝ𝑛) and 𝑢 ≡ 0 a.e. in ℝ𝑛 ⧵Ω
}

,
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which is the actual space we need to use due to the nonlocal nature of our operator , see [5]. However, we will identify
these two spaces implicitly throughout the paper and every 𝐻1

0 (Ω) function with its extension on 𝐻̃1
0 (Ω).

The space 𝐿1
2𝑠(ℝ

𝑛) is often called the “tail space”, and it contains the functions whose “decay at infinity” is
controlled enough for (−Δ)𝑠𝜑 to be well defined. Indeed, it is well known that (−Δ)𝑠𝜑 is well defined pointwise
if 𝜑 ∈ 𝐶1,1

𝑙𝑜𝑐 (Ω) ∩𝐿
1
2𝑠(ℝ

𝑛), see [26]. In the same spirit, we will need to control this same “decay at infinity” throughout
the article. For that reason, we define the nonlocal tail of a function 𝜑 ∶ ℝ𝑛 × (0, 𝑇̃ ) → ℝ as follows:

Tail∞(𝜑, 𝑥0, 𝑟, 𝑡1, 𝑡2) = sup
𝑡∈[𝑡1,𝑡2]

(

𝑟2𝑠
ˆ
ℝ𝑛⧵𝐵𝑟(𝑥0)

|𝜑(𝑦, 𝑡)|
|𝑥0 − 𝑦|𝑛+2𝑠

𝑑𝑦
)

,

where 𝑥0 ∈ ℝ𝑛 and [𝑡1, 𝑡2] ⊂ (0, 𝑇̃ ). It is clear that this quantity is finite for every 𝜑 ∈ 𝐿∞([𝑡1, 𝑡2], 𝐿1
2𝑠(ℝ

𝑛)).
Finally, we fix some of the notation we will be using. For some fixed (𝑥0, 𝑡0) ∈ Ω× (0, 𝑇 ) and 𝑟 > 0, we will often

write the spatial balls and parabolic cylinders as follows:

𝐵𝑟 ∶= 𝐵𝑟(𝑥0) = {𝑥 ∈ ℝ𝑛 ∶ |𝑥 − 𝑥0| < 𝑟}, 𝑄𝑟 ∶= 𝐵𝑟 × [𝑡0 − 𝑟2, 𝑡0].

We will also use
ffl

to denote the average integral, that is,
 
𝐾
𝜑(𝑧)𝑑𝑧 = 1

|𝐾|

ˆ
𝐾
𝜑(𝑧)𝑑𝑧,

where |𝐾| denotes the Lebesgue measure of the set 𝐾 .
Finally, we note that 𝐶 and 𝑐 will be positive constants that may and will change value from line to line, and their

dependence on certain data will be specified when it is necessary to do so.

3. Maximal semigroup regularity of the semilinear problem
Let us first use the semigroup machinery to get existence and uniqueness of solutions to (1), as well as some initial

regularity. Although this process is standard, we include it here for completion.
First, let us fix some 𝜀 ∈ (0, 𝛼) and consider a truncation of the reaction term, 𝑓𝜀 ∶ ℝ → ℝ such that 𝑓𝜀(𝑥) = 𝑓 (𝑥)

for every 𝑥 ∈ (0, 𝛼 − 𝜀), 𝑓𝜀 is globally Lipschitz in ℝ and it is increasing in (0, 𝛼). Now define the truncated problem:

⎧

⎪

⎨

⎪

⎩

(𝑢𝜀)𝑡(𝑥, 𝑡) = 𝑢𝜀(𝑥, 𝑡) + 𝑓𝜀(𝑢𝜀(𝑥, 𝑡)), (𝑥, 𝑡) ∈ Ω × (0, 𝑇 ′),
𝑢𝜀(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ Ω,
𝑢𝜀(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ ℝ𝑛 ⧵Ω × [0, 𝑇 ′),

(5)

where 𝑇 ′ ∈ (0,∞] is the maximal time of existence of this new problem.
Let us prove that our truncated system (5) admits a unique classical solution.

Lemma 3.1. For every 𝑢0 ∈ 𝐻1
0 (Ω), system (5) has a unique classical solution 𝑢𝜀 ∈ 𝐶((0,∞), 𝐷()) ∩

𝐶([0,∞),𝐻1
0 (Ω)) ∩ 𝐶

1((0,∞), 𝐿2(Ω)).

PROOF. It is a well known fact that 𝐻1
0 (Ω) ↪ 𝐻𝑠

0(Ω) for every 0 < 𝑠 < 1, see [13]. Then define the bilinear form

(𝜑,𝜓) =
𝐶𝑛,𝑠
2

¨
ℝ𝑛×ℝ𝑛

(𝜑(𝑥) − 𝜑(𝑦))(𝜓(𝑥) − 𝜓(𝑦))
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦𝑑𝑥 +
ˆ
Ω
∇𝜑(𝑥)∇𝜓(𝑥)𝑑𝑥. (6)

This form’s natural domain is 𝐻1
0 (Ω) ∩𝐻

𝑠
0(Ω) = 𝐻1

0 (Ω). Furthermore, its associated norm is equivalent to the usual
𝐻1

0 norm. Indeed,

‖∇𝑢‖2𝐿2(Ω) ≤
𝐶𝑛,𝑠
2

[𝑢]2𝑠 + ‖∇𝑢‖2𝐿2(Ω) ≤ 𝐶‖∇𝑢‖2𝐿2(Ω),

so it is clear that ‖𝑢‖2 = ‖𝑢‖2
𝐿2(Ω)

+ (𝑢, 𝑢) ≡ ‖𝑢‖2
𝐿2(Ω)

+ ‖∇𝑢‖2
𝐿2(Ω)

= ‖𝑢‖𝐻1
0 (Ω)

. Therefore,  is a densely defined,
symmetric, closed and nonnegative bilinear form. By Kato’s representation theorem, see [21], we know that there exists
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a unique nonnegative self-adjoint operator 𝐴 associated with  that generates an analytical semigroup in 𝐿2(Ω). This
means that for every 𝑢 ∈ 𝐷(𝐴) and 𝑣 ∈ 𝐻1

0 (Ω),

(𝑢, 𝑣) = ⟨𝐴𝑢, 𝑣⟩𝐿2(Ω).

According to how we defined  , using integration by parts, it is easy to identify

𝐴 = − = (−Δ)𝑠 − Δ,

so we conclude that − generates an analytical semigroup 𝑒𝑡 in 𝐿2(Ω).
Since 𝑓𝜀 is globally Lipschitz, the Nemytskii operator 𝐹𝜀 ∶ 𝐿2(Ω) → 𝐿2(Ω) is also globally Lipschitz. Bearing in

mind that 𝑢0 ∈ 𝐻1
0 (Ω) = 𝐷(), we can use classical semigroup theory (see [24, Proposition 7.1.10]) to conclude that

there exists a unique classical solution satisfying

𝑢𝜀 ∈ 𝐶((0,∞), 𝐷()) ∩ 𝐶([0,∞),𝐻1
0 (Ω)) ∩ 𝐶

1((0,∞), 𝐿2(Ω)). □

Now we want to prove that solutions of the truncated problem (5) with initial data 𝑢0 ∈ 𝐻1
0 (Ω) ∩𝐿

∞(Ω) such that
𝑢0(𝑥) ∈ [0, 𝛼 −2𝜀] a.e. 𝑥 ∈ Ω remain in (0, 𝛼 − 𝜀) up to some time 𝑇𝜀. This way, we could identify the solutions of (5)
with those of (1) and inherit the existence, uniqueness and regularity.

To do so, we first need to establish a comparison result with respect to the initial data for equation (5).

Lemma 3.2. Let 𝑢0, 𝑢1 ∈ 𝐻1
0 (Ω) be such that 𝑢0 ≥ 𝑢1 a.e. 𝑥 ∈ Ω. If 𝑢0𝜀 and 𝑢1𝜀 are the solutions of (5) with initial data

𝑢0 and 𝑢1 respectively, then

𝑢0𝜀(⋅, 𝑡) ≥ 𝑢1𝜀(⋅, 𝑡) a.e. 𝑥 ∈ Ω for all 𝑡 ∈ [0,∞). (7)

PROOF. Due to classical semigroup theory, we know that the solution 𝑢𝑖 of system (5) with initial data 𝑢𝑖 is the unique
fixed point of

𝑖(𝑤)(𝑥, 𝑡) = 𝑒𝑡𝑢𝑖(𝑥) +
ˆ 𝑡

0
𝑒(𝑡−𝑠)𝑓𝜀(𝑤(𝑥, 𝑠))𝑑𝑠.

in 𝐶([0, 𝜏],𝐻1
0 (Ω)), since 𝑖 is a contraction provided 𝜏 is small enough for 𝑖 = 0, 1. Now we consider the sequence

of Picard iterations,

𝑢𝑖𝑘+1(𝑥, 𝑡) = 𝑖(𝑢𝑖𝑘)(𝑥, 𝑡),

for every (𝑥, 𝑡) ∈ Ω × [0, 𝜏] and 𝑘 > 1, and 𝑢𝑖1 = 𝑢𝑖. It is well known that this sequence 𝑢𝑖𝑘 converges to 𝑢𝑖𝜀 in
𝐶([0, 𝜏],𝐻1

0 (Ω)).
We know that 𝑢01 ≥ 𝑢11 a.e. 𝑥 ∈ Ω. Assume now that 𝑢0𝑗 ≥ 𝑢1𝑗 a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏] and every 𝑗 ≤ 𝑘, and

let us prove that the ordering is still true for 𝑗 = 𝑘 + 1. Indeed, we have

𝑢𝑖𝑘+1(𝑥, 𝑡) = 𝑖(𝑢𝑖𝑘)(𝑥, 𝑡) = 𝑒𝑡𝑢𝑖(𝑥) +
ˆ 𝑡

0
𝑒(𝑡−𝑠)𝑓𝜀(𝑢𝑖𝑘(𝑥, 𝑠))𝑑𝑠,

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏] and, since 𝑓𝜀 is increasing, it is clear that 𝑓𝜀(𝑢0𝑘(𝑥, 𝑠)) ≥ 𝑓𝜀(𝑢1𝑘(𝑥, 𝑠)) a.e. 𝑥 ∈ Ω for
every 𝑡 ∈ [0, 𝜏]. Then, using that the semigroup is positivity preserving:

𝑒𝑡𝑢0(𝑥) ≥ 𝑒𝑡𝑢1(𝑥),

𝑒(𝑡−𝑠)𝑓𝜀(𝑢0𝑘(𝑥, 𝑠)) ≥ 𝑒(𝑡−𝑠)𝑓𝜀(𝑢1𝑘(𝑥, 𝑠)),

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏]. This means that 𝑢0𝑘+1 ≥ 𝑢1𝑘+1 a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏]. By induction, 𝑢0𝑛 ≥ 𝑢1𝑛 a.e.
𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏] and for every 𝑛 ∈ ℕ. Using the convergence of this sequence to the respective solutions, we
obtain that

𝑢0𝜀(𝑥, 𝑡) ≥ 𝑢1𝜀(𝑥, 𝑡)

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏]. Repeating this argument starting at time 𝜏, we can get the order preservation for every
𝑡 ∈ [0,∞) and the result is proved. □
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Next, let us prove a comparison result for supersolutions and subsolutions of (5). The ideas of the proof are very
similar to those of Lemma 3.2, but we include them anyway for completion.

Definition 3.3. We say 𝑢 ∈ 𝐶((0,∞), 𝐷()) ∩ 𝐶1((0,∞), 𝐿2(Ω)) ∩ 𝐶((0,∞), 𝐿1
2𝑠(ℝ

𝑛)) is a supersolution of system
(5) in [𝑡0, 𝑡1] if

⎧

⎪

⎨

⎪

⎩

𝑢𝑡(𝑥, 𝑡) ≥ 𝑢(𝑥, 𝑡) + 𝑓𝜀(𝑢(𝑥, 𝑡)), (𝑥, 𝑡) ∈ Ω × [𝑡0, 𝑡1],
𝑢(𝑥, 0) ≥ 𝑢0(𝑥), 𝑥 ∈ Ω,
𝑢(𝑥, 𝑡) ≥ 0, (𝑥, 𝑡) ∈ ℝ𝑛 ⧵Ω × [𝑡0, 𝑡1],

(8)

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [𝑡0, 𝑡1]. We say 𝑢 ∈ 𝐶((0,∞), 𝐷())∩𝐶1((0,∞), 𝐿2(Ω))∩𝐶((0,∞), 𝐿1
2𝑠(ℝ

𝑛)) is a subsolution
of system (5) in [𝑡0, 𝑡1] if it satisfies the reverse inequalities a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [𝑡0, 𝑡1].

Lemma 3.4. Let 𝑢𝜀 be the solution to (5) with initial data 𝑢0 and 𝑢 a supersolution of (5) in [0, 𝜏]. Then

𝑢(𝑥, 𝑡) ≥ 𝑢𝜀(𝑥, 𝑡)

a.e. 𝑥 ∈ Ω and for every 𝑡 ∈ [0, 𝜏]. The same is true for subsolutions with a reversed inequality.

PROOF. First, we define

𝑢′ =
{

𝑢, 𝑥 ∈ Ω,
0, 𝑥 ∈ ℝ𝑛 ⧵Ω.

and notice that

−(−Δ)𝑠𝑢′(𝑥, 𝑡) + Δ𝑢′(𝑥, 𝑡) ≤ −(−Δ)𝑠𝑢(𝑥, 𝑡) + Δ𝑢(𝑥, 𝑡),

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏], which means that

𝑢′𝑡(𝑥, 𝑡) = 𝑢𝑡(𝑥, 𝑡) ≥ 𝑢(𝑥, 𝑡) + 𝑓𝜀(𝑢(𝑥, 𝑡)) ≥ 𝑢′(𝑥, 𝑡) + 𝑓𝜀(𝑢
′(𝑥, 𝑡)),

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏]. This means that there exists some non-negative 𝑔 ∶ ℝ → 𝐿2(Ω) such that

𝑢′𝑡(𝑥, 𝑡) = 𝑢′(𝑥, 𝑡) + 𝑓𝜀(𝑢
′(𝑥, 𝑡)) + 𝑔(𝑡)(𝑥)

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏]. Since 𝑢′ satisfies the equation with the homogeneous Dirichlet boundary conditions,
we know that it satisfies the ‘variation of constants’ formula:

𝑢′(𝑥, 𝑡) = 𝑒𝑡𝑢′(𝑥, 0) +
ˆ 𝑡

0
𝑒(𝑡−𝑠)(𝑓𝜀(𝑢

′(𝑥, 𝑡)) + 𝑔(𝑡)(𝑥)),

and thanks to the positivity preserving semigroup:

𝑢′(𝑥, 𝑡) ≥ 𝑒𝑡𝑢0(𝑥) +
ˆ 𝑡

0
𝑒(𝑡−𝑠)(𝑓𝜀(𝑢

′(𝑥, 𝑡))) = (𝑢′)(𝑥, 𝑡), (9)

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏]. We also know that 𝑢𝜀 is the unique fixed point of  in some interval [0, 𝜏]. Choose
𝜏0 = min{𝜏, 𝜏}, so everything is well defined up to time 𝜏0.

We again use the mechanism of Picard iterations in 𝐶([0, 𝜏0],𝐻1
0 (Ω)). Define 𝑢𝑘+1(𝑥, 𝑡) = (𝑢𝑘)(𝑥, 𝑡) with

𝑢1(𝑥, 𝑡) = 𝑢′(𝑥, 𝑡). Then the sequence converges to 𝑢𝜀 in𝐶([0, 𝜏0],𝐻1
0 (Ω)). Arguing by induction, we know that 𝑢′ ≥ 𝑢1,

and assume that 𝑢′ ≥ 𝑢𝑗 for every 𝑗 ≤ 𝑘. Let us prove that 𝑢′ ≥ 𝑢𝑘+1.
We know thanks to the proof of Lemma 3.2 that  is increasing in 𝐶([0, 𝜏0],𝐻1

0 (Ω)). Then using (9) it is clear that

𝑢′(𝑥, 𝑡) ≥ (𝑢′)(𝑥, 𝑡) ≥ (𝑢𝑘)(𝑥, 𝑡) = 𝑢𝑘+1(𝑥, 𝑡),

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏0]. We have then proved that 𝑢′ ≥ 𝑢𝑛 for every 𝑛 ∈ ℕ and using the convergence of the
sequence, we conclude that

𝑢′(𝑥, 𝑡) ≥ 𝑢𝜀(𝑥, 𝑡)

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝜏0]. Repeating this argument starting at time 𝜏0, a typical continuation argument gives us
that it is true for every 𝑡 ∈ [0, 𝜏]. □
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Corollary 3.5. Let 𝑢0 ∈ 𝐻1
0 (Ω) such that 𝑢0(𝑥) ≥ 0 a.e. 𝑥 ∈ Ω. Then the solution 𝑢𝜀 of (5) with initial data 𝑢0 satisfies

𝑢𝜀(𝑥, 𝑡) ≥ 0 a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0,∞).

PROOF. The constant 0 is a subsolution of system (5). □

Now that we have the comparison results on Lemma 3.2 and Lemma 3.4, we are able to prove that the original
system (1) also has a classical solution.

PROOF (PROOF OF PROPOSITION 1.1). First, assume that 𝛼 < ∞ and fix some 0 < 𝜀 < (𝛼−‖𝑢0‖∞)∕2. This is possible
because 𝑢0(𝑥) ∈  a.e. 𝑥 ∈ Ω. Then consider the truncation 𝑓𝜀 of 𝑓 in (0, 𝛼−𝜀). Let 𝑢𝜀 be the unique classical solution
obtained for the truncated system (5) with initial data 𝑢0 in Lemma 3.1. Next, introduce the auxiliary ODE problem

{

𝑤𝑡(𝑡) = 𝑓𝜀(𝑤(𝑡)),
𝑤(0) = ‖𝑢0‖∞.

(10)

Since 𝑓𝜀 is globally Lipschitz, Peano’s and Picard-Lindelöf’s theorems tell us that there exists a unique continuous
local solution to (10). What is more, since𝑤(0) = ‖𝑢0‖∞ ≤ 𝛼−2𝜀, we can ensure by continuity that there exists some
time 𝑇𝜀 (that only depends on 𝜀) such that 𝑤(𝑡) ≤ 𝛼 − 𝜀 for every 𝑡 ∈ [0, 𝑇𝜀]. Let us now prove that 𝑤(𝑥, 𝑡) = 𝑤(𝑡) for
every (𝑥, 𝑡) ∈ ℝ𝑛 × [0, 𝑇𝜀] is a supersolution of (5).

First, it is clear that𝑤(𝑥, 𝑡) ≥ 0 for every (𝑥, 𝑡) ∈ ℝ𝑛⧵Ω×[0, 𝑇𝜀]. It is also immediate to notice that𝑤(𝑥, 0) ≥ 𝑢0(𝑥)
for every 𝑥 ∈ Ω. Finally, notice that, since 𝑤 is constant in space:

𝑤(𝑥, 𝑡) = −(−Δ)𝑠𝑤(𝑥, 𝑡) + Δ𝑤(𝑥, 𝑡) = 0,

so 𝑤𝑡(𝑥, 𝑡) = 𝑤(𝑥, 𝑡) + 𝑓𝜀(𝑤(𝑥, 𝑡)) for every (𝑥, 𝑡) ∈ Ω × [0, 𝑇𝜀]. Then 𝑤 is a supersolution of (5) and by Lemma 3.4
and Corollary 3.5 we know that

𝛼 − 𝜀 ≥ 𝑤(𝑥, 𝑡) ≥ 𝑢𝜀(𝑥, 𝑡) ≥ 0,

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝑇𝜀].
Then, thanks to the definition of 𝑓𝜀, we have that 𝑓𝜀(𝑢𝜀(⋅, 𝑡)) = 𝑓 (𝑢𝜀(⋅, 𝑡)) for every 𝑡 ∈ [0, 𝑇𝜀]. Therefore we

conclude that 𝑢𝜀 is actually a classical solution of (1) for every 𝑡 ∈ [0, 𝑇𝜀].
Doing this process again starting at time 𝑇𝜀, maybe choosing some smaller 𝜀′, we could extend our solution to

some time interval [0, 𝑇𝜀+𝑇𝜀′ ]. We could then repeat this as long as our solution satisfies ‖𝑢(⋅, 𝑡)‖∞ < 𝛼 and conclude
that there exists some time 𝑇 > 0 such that (1) has a classical solution

𝑢 ∈ 𝐶((0, 𝑇 ), 𝐷()) ∩ 𝐶([0, 𝑇 ),𝐻1
0 (Ω)) ∩ 𝐶

1((0, 𝑇 ), 𝐿2(Ω)),

and that lim sup𝑡→𝑡0 ‖𝑢(⋅, 𝑡)‖∞ = 𝛼 if and only if 𝑡0 = 𝑇 .
If 𝛼 = +∞, then we consider the truncation 𝑓𝑚 of 𝑓 in (0, 𝑚) where 𝑚 = 2‖𝑢0‖𝐿∞(Ω) and following the same

reasoning we reach the result. □

4. Hölder continuity via the Campanato-Meyers characterization
We will now prove further regularity of the solutions of (1) using a Campanato style argument. Our objective is to

find, for any (𝑥0, 𝑡0) ∈ Ω × [0, 𝑇 ), some 𝑟′ > 0 and 𝛼 > 0 such that
 𝑡0

𝑡0−𝑟2

 
𝐵𝑟(𝑥0)

|𝑢(𝑥, 𝑡) − (𝑢)𝐵𝑟(𝑥0)×(𝑡0−𝑟2,𝑡0)|
2𝑑𝑥𝑑𝑡 ≤ 𝐶𝑟2𝛼 ,

for every 𝑟 ≤ 𝑟′. Via the Campanato integral characterization, see [19], this gives us that 𝑢 ∈ 𝐶𝛼𝑙𝑜𝑐(Ω × [0, 𝑇 )), which
is our objective.

This section is heavily based on [10], with some changes to accommodate the effect of the reaction term on all the
estimates. First we will establish a Caccioppoli inequality for equation (1), then state a difference estimate comparing
against the classical heat equation and, finally, use a Campanato decay argument to prove Hölder regularity. We include
all the details for completeness and to avoid omitting key steps.
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4.1. Caccioppoli estimate
In this subsection we will establish the Caccioppoli inequality for our equation. The first step should be the

regularization procedure with respect to the time variable, which is a straightforward process that has been tackled
multiple times such as in [15]. We will skip this step here.

Proposition 4.1. Let 𝑢 be the unique solution of problem (1). Let 𝑥0 ∈ Ω, 𝑟 > 0 and 𝐵𝑟 = 𝐵𝑟(𝑥0) such that 𝐵𝑟 ⊂ Ω.
Let also 𝜏2 > 𝜏1 > 0 such that they satisfy [𝜏1, 𝜏2] ⊂ (0, 𝑇 ). Then for any nonnegative functions 𝜓 ∈ 𝐶∞

0 (𝐵𝑟) and
𝜂 ∈ 𝐶∞(ℝ) such that 𝜂(𝑡) ≡ 0 if 𝑡 ≤ 𝜏1, it holds that

sup
𝑡∈(𝜏1,𝜏2)

(ˆ
𝐵𝑟
𝑣2𝜂2𝜓2(𝑥, 𝑡)𝑑𝑥

)

+
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

|∇𝑣|2𝜓2𝜂2(𝑥, 𝑡)𝑑𝑥𝑑𝑡

+
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

ˆ
𝐵𝑟

|𝑣𝜓(𝑥, 𝑡) − 𝑣𝜓(𝑦, 𝑡)|2𝜂2(𝑡)
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑥𝑑𝑦𝑑𝑡

≤ 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟
𝑣2𝜂𝜂𝑡𝜓

2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 +
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

|∇𝜓|2𝑣2𝜂2𝑑𝑥𝑑𝑡 (11)

+ 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

ˆ
𝐵𝑟

max{𝑣(𝑥, 𝑡), 𝑣(𝑦, 𝑡)}2

|𝑥 − 𝑦|𝑛+2𝑠
|𝜓(𝑥) − 𝜓(𝑦)|2𝜂2(𝑡)𝑑𝑥𝑑𝑦𝑑𝑡

+ 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑣(𝑦, 𝑡)|
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦
)

|𝑣(𝑥, 𝑡)|𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡

+ 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡 + 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

|𝑣𝜓2𝜂2(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡,

where 𝐶 = 𝐶(𝑛, 𝑠) and 𝑣(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) − 𝑘 for some 𝑘 ∈ ℝ.

PROOF. First, define 𝑣(𝑥, 𝑡) = (𝑢 − 𝑘)(𝑥, 𝑡) for every (𝑥, 𝑡) ∈ Ω × [0, 𝑇 ) with some 𝑘 ∈ ℝ. Next, choose
𝜑(𝑥, 𝑡) = 𝑣(𝑥, 𝑡)𝜓2(𝑥)𝜂2(𝑡) as a test function for equation (1), which after integrating over [𝑡1, 𝑡2] ⊂ (𝜏1, 𝜏2), yields

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑢𝑡(𝑥, 𝑡)(𝑣𝜓2𝜂2)(𝑥, 𝑡)𝑑𝑥𝑑𝑡 +

ˆ 𝑡2

𝑡1
(𝑢, 𝑣𝜓2𝜂2)𝑑𝑡

+
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
∇𝑢∇(𝑣𝜓2𝜂2)(𝑥, 𝑡)𝑑𝑥𝑑𝑡 −

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑓 (𝑢(𝑥, 𝑡))(𝑣𝜓2𝜂2)(𝑥, 𝑡)𝑑𝑥𝑑𝑡 = 0,

(12)

where

(𝑢, 𝑣) =
𝐶𝑛,𝑠
2

¨
ℝ𝑛×ℝ𝑛

(𝑢(𝑥, 𝑡) − 𝑢(𝑦, 𝑡))(𝑣(𝑥, 𝑡) − 𝑣(𝑦, 𝑡))
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑥𝑑𝑦.

Let us treat the terms in (12) one by one. First, by noticing that 𝑢𝑡 = 𝑣𝑡, the term with the time derivative can be
expanded into

1 =
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑢𝑡(𝑥, 𝑡)(𝑣𝜓2𝜂2)(𝑥, 𝑡)𝑑𝑥𝑑𝑡

= 1
2

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
(𝑣2𝜂2)𝑡𝜓2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 −

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑣2𝜂𝜂𝑡𝜓

2(𝑥, 𝑡)𝑑𝑥𝑑𝑡

= 1
2

(ˆ
𝐵𝑟
𝑣2𝜂2𝜓2(𝑥, 𝑡2)𝑑𝑥 −

ˆ
𝐵𝑟
𝑣2𝜂2𝜓2(𝑥, 𝑡1)𝑑𝑥

)

−
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑣2𝜂𝜂𝑡𝜓

2(𝑥, 𝑡)𝑑𝑥𝑑𝑡,

and since we know that 𝜂(𝑡) ≡ 0 for every 𝑡 ≤ 𝜏1, then it is clear that

1 =
1
2

ˆ
𝐵𝑟
𝑣2𝜂2𝜓2(𝑥, 𝑡2)𝑑𝑥 −

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑣2𝜂𝜂𝑡𝜓

2(𝑥, 𝑡)𝑑𝑥𝑑𝑡. (13)
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Next, to estimate the nonlocal integral we proceed as usual: the integral over 𝑑𝑦 is split in two parts: one over Ω and
another one over ℝ𝑛 ⧵ Ω. Then both integrals are estimated separately. The process is long and tedious, but fairly
standard, so we refer to [15] for more details, and state that

2 =
ˆ 𝑡2

𝑡1
(𝑢, 𝑣𝜓2𝜂2)𝑑𝑡

≥ 𝐶
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

ˆ
𝐵𝑟

|𝑣𝜓(𝑥, 𝑡) − 𝑣𝜓(𝑦, 𝑡)|2𝜂2(𝑡)
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦𝑑𝑥𝑑𝑡 (14)

− 𝐶
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

ˆ
𝐵𝑟

max{𝑣(𝑥, 𝑡), 𝑣(𝑦, 𝑡)}2

|𝑥 − 𝑦|𝑛+2𝑠
|𝜓(𝑥) − 𝜓(𝑦)|2𝜂2(𝑡)𝑑𝑥𝑑𝑦𝑑𝑡

− 𝐶
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑣(𝑦, 𝑡)|
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦
)

|𝑣(𝑥, 𝑡)|𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡.

Then, bearing in mind that ∇𝑢 = ∇𝑣, let us expand the local part of the operator as usual:

3 =
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

∇𝑢∇(𝑣𝜓2𝜂2)𝑑𝑥𝑑𝑡

=
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|∇𝑣|2𝜓2𝜂2𝑑𝑥𝑑𝑡 + 2
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑣∇𝑣𝜓∇𝜓𝜂2𝑑𝑥𝑑𝑡, (15)

and notice that, by Young’s inequality,

−2
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑣∇𝑣𝜓∇𝜓𝜂2𝑑𝑥𝑑𝑡 ≤ 2

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|𝑣∇𝜓||𝜓∇𝑣|𝜂2𝑑𝑥𝑑𝑡

≤ 1
2

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|∇𝑣|2𝜓2𝜂2𝑑𝑥𝑑𝑡 + 2
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|∇𝜓|2𝑣2𝜂2𝑑𝑥𝑑𝑡. (16)

For the last integral, we use Hölder’s and Young’s inequalities to find that

4 =
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟
𝑓 (𝑢(𝑥, 𝑡))(𝑣𝜓2𝜂2)(𝑥, 𝑡)𝑑𝑥𝑑𝑡

≤
(ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡
)

1
2
(ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|𝑣𝜓2𝜂2(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡
)

1
2

(17)

≤ 1
2

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡 + 1
2

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|𝑣𝜓2𝜂2(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡

Finally, using (13), (14), (15), (16) and (17) and remembering that (12) gave us

1 + 2 + 3 − 4 = 0,

we get
ˆ
𝐵𝑟
𝑣2𝜂2𝜓2(𝑥, 𝑡2)𝑑𝑥 +

ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

ˆ
𝐵𝑟

|𝑣𝜓(𝑥, 𝑡) − 𝑣𝜓(𝑦, 𝑡)|2𝜂2(𝑡)
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦𝑑𝑥𝑑𝑡 +
ˆ 𝑡2

𝑡1

ˆ
𝐵𝑟

|∇𝑣|2𝜓2𝜂2(𝑥, 𝑡)𝑑𝑥𝑑𝑡

≤ 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟
𝑣2𝜂𝜂𝑡𝜓

2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 + 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

ˆ
𝐵𝑟

max{𝑣(𝑥, 𝑡), 𝑣(𝑦, 𝑡)}2

|𝑥 − 𝑦|𝑛+2𝑠
|𝜓(𝑥) − 𝜓(𝑦)|2𝜂2(𝑡)𝑑𝑥𝑑𝑦𝑑𝑡

+ 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑣(𝑦, 𝑡)|
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦
)

|𝑣(𝑥, 𝑡)|𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

|∇𝜓|2𝑣2𝜂2𝑑𝑥𝑑𝑡

+ 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡 + 𝐶
ˆ 𝜏2

𝜏1

ˆ
𝐵𝑟

|𝑣𝜓2𝜂2(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡,

S. Junquera and L. M. Del Pezzo: Preprint submitted to Elsevier Page 9 of 25



Interior Regularity of Parabolic Mixed Local-Nonlocal Equations

where we have used that all the terms in the right hand side are positive to expand their limits of integration to the
whole (𝜏1, 𝜏2). Then, since the right hand side is independent of 𝑡1 and 𝑡2, we can take the supremum on the left hand
side over (𝜏1, 𝜏2) as well to get the result. □

Next, we finish our Caccioppoli inequality via an appropriate choice of 𝜓 and 𝜂.

Corollary 4.2. Let 𝑢 be the unique solution of problem (1). Let (𝑥0, 𝑡0) ∈ Ω × (0, 𝑇 ) and 𝑟 > 0 such that 𝐵𝑟 ⊂ Ω and
[𝑡0 − 𝑟2, 𝑡0] ⊂ [0, 𝑇 ). Then it holds that

sup
𝑡∈(𝑡0−𝑟2∕4,𝑡0)

(

1
𝑟2

 
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝜓2(𝑥, 𝑡)𝑑𝑥

)

+
 𝑡0

𝑡0−𝑟2∕4

 
𝐵𝑟∕2

|∇𝑢(𝑥, 𝑡)|2

+
 𝑡0

𝑡0−𝑟2∕4

ˆ
𝐵𝑟∕2

 
𝐵𝑟∕2

|𝑢(𝑥, 𝑡) − 𝑢(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡

≤
(𝐶
𝑟2

+ 𝐶
𝑟2𝑠

+ 𝐶
)

 𝑡0

𝑡0−𝑟2

 
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 (18)

+ 𝐶
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑥𝑑𝑡

+ 𝐶
 𝑡0

𝑡0−𝑟2

 
𝐵𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡,

where 𝐶 = 𝐶(𝑛, 𝑠).

PROOF. Consider the following choices in the expression (11): take (𝜏1, 𝜏2) = (𝑡0 − 𝑟2, 𝑡0), take the spatial cutoff
function 𝜓 such that 𝜓 ≡ 1 in 𝐵𝑟∕2, 𝜓 ≡ 0 in ℝ𝑛 ⧵ 𝐵3𝑟∕4, 𝜓 ≤ 1 in 𝐵𝑟 and |∇𝜓| ≤ 𝐶∕𝑟 in 𝐵𝑟, and the time cutoff
function 𝜂 such that 𝜂(𝑡0 − 𝑟2) = 0, 𝜂 ≡ 1 in (𝑡0 − 𝑟2∕4, 𝑡0), 𝜂 ≤ 1 in (𝑡0 − 𝑟2, 𝑡0) and |𝜂𝑡| ≤ 𝐶∕𝑟2 in (𝑡0 − 𝑟2, 𝑡0). Take
as well 𝑘 = (𝑢)𝑄𝑟 . With this, and using that every single term is positive, we get

sup
𝑡∈(𝑡0−𝑟2∕4,𝑡0)

(ˆ
𝐵𝑟
𝑣2𝜓2(𝑥, 𝑡)𝑑𝑥

)

+
ˆ 𝑡0

𝑡0−𝑟2∕4

ˆ
𝐵𝑟∕2

|∇𝑣(𝑥, 𝑡)|2

+
ˆ 𝑡0

𝑡0−𝑟2∕4

ˆ
𝐵𝑟∕2

ˆ
𝐵𝑟∕2

|𝑣(𝑥, 𝑡) − 𝑣(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡

≤ 𝐶
𝑟2

ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟
𝑣2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 + 𝐶

ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟
𝑣2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 (19)

+ 𝐶
ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

ˆ
𝐵𝑟

max{𝑣(𝑥, 𝑡), 𝑣(𝑦, 𝑡)}2

|𝑥 − 𝑦|𝑛+2𝑠
|𝜓(𝑥) − 𝜓(𝑦)|2𝑑𝑥𝑑𝑦𝑑𝑡

+ 𝐶
ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑣(𝑦, 𝑡)|
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦
)

|𝑣(𝑥, 𝑡)|𝑑𝑥𝑑𝑡 + 𝐶
ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡.

We then need to estimate the nonlocal terms and try to absorb what we can in our more practical terms. First, notice
that, since |∇𝜓| ≤ 𝐶∕𝑟 in 𝐵𝑟, then

|𝜓(𝑥) − 𝜓(𝑦)|2

|𝑥 − 𝑦|𝑛+2𝑠
≤ 𝐶
𝑟2
.

With this, it is easy to see that the first nonlocal integral satisfies
ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

ˆ
𝐵𝑟

max{𝑣(𝑥, 𝑡), 𝑣(𝑦, 𝑡)}2

|𝑥 − 𝑦|𝑛+2𝑠
|𝜓(𝑥) − 𝜓(𝑦)|2𝑑𝑥𝑑𝑦𝑑𝑡

≤ 𝐶
𝑟2

ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

ˆ
𝐵𝑟

𝑣2(𝑥, 𝑡)
|𝑥 − 𝑦|𝑛+2𝑠−2

𝑑𝑥𝑑𝑦𝑑𝑡 (20)
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≤ 𝐶
𝑟2𝑠

ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟
𝑣2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 = 𝐶

𝑟2𝑠

ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡.

For the second integral, we recall that 𝜓 ≡ 0 in ℝ𝑛 ⧵ 𝐵3𝑟∕4. Then, if 𝑦 ∈ ℝ𝑛 ⧵ 𝐵𝑟 and 𝑥 ∈ 𝐵3𝑟∕4:

|𝑥 − 𝑦| ≥ 4|𝑥0 − 𝑦|.

We can use this to estimate the second nonlocal integral. First, we take the average integral over 𝑄𝑟 and then, with the
help of Hölder’s and Young’s inequalities.

 𝑡0

𝑡0−𝑟2

 
𝐵𝑟

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑣(𝑦, 𝑡)|
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦
)

|𝑣(𝑥, 𝑡)|𝑑𝑥𝑑𝑡

≤ 𝐶

(

1
𝑟2

ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡

)1∕2
( 𝑡0

𝑡0−𝑟2

 
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡

)1∕2

(21)

≤ 𝐶
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡 + 𝐶
𝑟2

 𝑡0

𝑡0−𝑟2

 
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡.

Now, plugging (20) and (21) into (19), we get

sup
𝑡∈(𝑡0−𝑟2∕4,𝑡0)

(ˆ
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝜓2(𝑥, 𝑡)𝑑𝑥

)

+
ˆ 𝑡0

𝑡0−𝑟2∕4

ˆ
𝐵𝑟∕2

|∇𝑢(𝑥, 𝑡)|2

+
ˆ 𝑡0

𝑡0−𝑟2∕4

ˆ
𝐵𝑟∕2

ˆ
𝐵𝑟∕2

|𝑢(𝑥, 𝑡) − 𝑢(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡

≤
(𝐶
𝑟2

+ 𝐶
𝑟2𝑠

+ 𝐶
)

ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2(𝑥, 𝑡)𝑑𝑥𝑑𝑡

+ 𝐶𝑟𝑛+2
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑥𝑑𝑡 + 𝐶
ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡.

Finally, dividing both sides by 𝑟𝑛+2 to get the average integrals on 𝑥 and 𝑡, we arrive at the desired result. □

4.2. Difference estimate
Next, we want to establish an energy difference inequality with the solution of a problem for which we already

know our desired regularity. We will then be able to use said inequality to transfer the regularity in some way. Define
the auxiliary problem

⎧

⎪

⎨

⎪

⎩

𝑤𝑡(𝑥, 𝑡) = Δ𝑤(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝐵𝑟∕4 × (𝑡0 − 𝑟2∕16, 𝑡0),
𝑤(𝑥, 𝑡0 − 𝑟2∕16) = 𝑢(𝑥, 𝑡0 − 𝑟2∕16), 𝑥 ∈ 𝐵𝑟∕4,
𝑤 = 𝑢, (𝑥, 𝑡) ∈ ℝ𝑛 ⧵ 𝐵𝑟∕4 × (𝑡0 − 𝑟2∕16, 𝑡0).

(22)

We already know that 𝑢 ∈ 𝐶((0, 𝑇 ),𝐻1
0 (Ω)), which implies that 𝑢(⋅, 𝑡0 − 𝑟2∕16) ∈ 𝐻1

0 (Ω) and 𝑢 ∈ 𝐿2(𝜕Ω × (𝑡0 −
𝑟2∕16, 𝑡0). Then the initial data and boundary conditions are well prescribed, and it is clear that there exists a unique
solution 𝑤 ∈ 𝐶((0, 𝑇 ), 𝑢 +𝐻1

0 (Ω)) of problem (22), see [16].
We state the Poincaré inequality and some regularity estimates that are well known for the solution to the heat

equation. These stem from classical results found in any evolution PDE book such as [23].

Lemma 4.3. Let 𝑤 be the unique solution to system (22). Then, the following inequalities hold for every 𝑑 ∈ (0, 𝑟∕8]:

−−
¨
𝑄𝑑

|𝑤 − (𝑤)𝑄𝑑 |
2𝑑𝑥𝑑𝑡 ≤ 𝐶𝑑2−−

¨
𝑄𝑑

|∇𝑤|2𝑑𝑥𝑑𝑡, (23)
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−−
¨
𝑄𝑑
𝑤2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 ≤ 𝐶−−

¨
𝑄𝑟∕8

𝑤2(𝑥, 𝑡)𝑑𝑥𝑑𝑡, (24)

−−
¨
𝑄𝑑

|𝑤(𝑥, 𝑡) − (𝑤)𝑄𝑑 |
2𝑑𝑥𝑑𝑡 ≤ 𝐶

(𝑑
𝑟

)2
−−
¨
𝑄𝑟∕8

|𝑤(𝑥, 𝑡) − (𝑤)𝑄𝑟∕8 |
2𝑑𝑥𝑑𝑡, (25)

where 𝐶 = 𝐶(𝑛).

Let us now find the energy estimate on 𝑢 −𝑤.

Proposition 4.4. Let 𝑢 be the unique solution of problem (1) and𝑤 the unique solution of (22). Let (𝑥0, 𝑡0) ∈ Ω×(0, 𝑇 )
and 𝑟 > 0 such that 𝐵𝑟 ⊂ Ω and [𝑡0 − 𝑟2, 𝑡0] ⊂ [0, 𝑇 ). Then it holds that

8
𝑟2

ˆ
𝐵𝑟∕4

(𝑢 −𝑤)2(𝑥, 𝑡0)𝑑𝑥 +
¨
𝑄𝑟∕4

|∇(𝑢 −𝑤)(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡

≤ 𝐶𝑟2(1−𝑠)
ˆ 𝑡0

𝑡0−𝑟2∕4

ˆ
𝐵𝑟∕2

ˆ
𝐵𝑟∕2

|𝑢(𝑥, 𝑡) − 𝑢(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡 + 𝐶

ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡 (26)

+ 𝐶𝑟2−4𝑠
ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 + 𝐶𝑟2

¨
𝑄𝑟∕4

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡,

where 𝐶 = 𝐶(𝑛, 𝑠).

PROOF. The first step of this proof should again be the regularization procedure with respect to the time variable we
mentioned earlier. We skip the step and refer to [15] again.

The function 𝑧 = 𝑢 − 𝑤 is clearly in 𝐶((𝑡0 − 𝑟2∕16, 𝑡0),𝐻1
0 (𝐵𝑟∕4)), and satisfies that 𝑧 ≡ 0 on ℝ𝑛 ⧵ 𝐵𝑟∕4. Then it

is clear that we can use it as a test function on both (1) and (22). We do so, integrate in time over (𝑡0 − 𝑟2∕16, 𝑡0) and
subtract both expressions to get

1
2

¨
𝑄𝑟∕4

((𝑢 −𝑤)2)𝑡(𝑥, 𝑡)𝑑𝑥𝑑𝑡 +
¨
𝑄𝑟∕4

|∇(𝑢 −𝑤)(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡

+
ˆ 𝑡0

𝑡0−𝑟2∕16
(𝑢, 𝑢 −𝑤)𝑑𝑡 −

¨
𝑄𝑟∕4

𝑓 (𝑢(𝑥, 𝑡))(𝑢 −𝑤)(𝑥, 𝑡)𝑑𝑥𝑑𝑡 = 0. (27)

Let us again study the terms one by one. First, the term with the time derivative turns directly into

1
2

¨
𝑄𝑟∕4

((𝑢 −𝑤)2)𝑡(𝑥, 𝑡)𝑑𝑥𝑑𝑡 =
8
𝑟2

ˆ
𝐵𝑟∕4

(𝑢 −𝑤)2(𝑥, 𝑡0)𝑑𝑥. (28)

The nonlocal term is again a difficult beast to deal with, so we refer to the calculations done in [10] and state that

|

|

|

|

|

ˆ 𝑡0

𝑡0−𝑟2∕16
(𝑢, 𝑢 −𝑤)𝑑𝑡

|

|

|

|

|

≤ 𝐶𝑟2(1−𝑠)
ˆ 𝑡0

𝑡0−𝑟2∕4

ˆ
𝐵𝑟∕2

ˆ
𝐵𝑟∕2

|𝑢(𝑥, 𝑡) − 𝑢(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡 + 1

4

ˆ 𝑡0

𝑡0−𝑟2∕16

ˆ
𝐵𝑟∕2

|∇(𝑢 −𝑤)(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡 (29)

+ 𝐶𝑟2−4𝑠
ˆ 𝑡0

𝑡0−𝑟2

ˆ
𝐵𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 + 𝐶

ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡.

Notice that in [10] the calculations are done with the unnormalized integral fractional laplacian, while we are using
the normalized one. This is not a problem, since the constant 𝐶𝑛,𝑠 can be absorbed in the generic constants, and the
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factor 1∕4 can be obtained by choosing the parameter in Young’s inequality appropriately. Finally, the reaction term
can be estimated like follows by use of the Poincaré, Hölder’s and Young’s inequalities.

¨
𝑄𝑟∕4

|𝑓 (𝑢(𝑥, 𝑡))||(𝑢 −𝑤)(𝑥, 𝑡)|𝑑𝑥𝑑𝑡

≤
ˆ 𝑡0

𝑡0−𝑟2∕16
‖𝑓 (𝑢(⋅, 𝑡))‖𝐿2(𝐵𝑟∕4)‖(𝑢 −𝑤)(⋅, 𝑡)‖𝐿2(𝐵𝑟∕4)𝑑𝑡

≤ 𝐶𝑟
ˆ 𝑡0

𝑡0−𝑟2∕16
‖𝑓 (𝑢(⋅, 𝑡))‖𝐿2(𝐵𝑟∕4)‖∇(𝑢 −𝑤)(⋅, 𝑡)‖𝐿2(𝐵𝑟∕4)𝑑𝑡 (30)

≤ 1
4

¨
𝑄𝑟∕4

|∇(𝑢 −𝑤)|2𝑑𝑥𝑑𝑡 + 𝐶𝑟2
¨
𝑄𝑟∕4

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡.

Then, plugging (28), (29) and (30) into (27), we get the desired result. □

Finally, we merge both crucial estimates we have found to get rid of the purely nonlocal term on (26).

Corollary 4.5. Let 𝑢 be the unique solution of problem (1) and𝑤 the unique solution of (22). Let (𝑥0, 𝑡0) ∈ Ω× (0, 𝑇 )
and 𝑟 ∈ (0, 1] such that 𝐵𝑟 ⊂ Ω and [𝑡0 − 𝑟2, 𝑡0] ⊂ [0, 𝑇 ). Then, for every 𝜀 < 1 − 𝑠, it holds that

−−
¨
𝑄𝑟∕4

|(𝑢 −𝑤)(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡 ≤ 𝐶𝑟2−−
¨
𝑄𝑟∕4

|∇(𝑢 −𝑤)(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡

≤ 𝐶𝑟𝜀
⎡

⎢

⎢

⎢

⎣

𝑟2−𝜀
ˆ 𝑡0

𝑡0−𝑟2

⎛

⎜

⎜

⎝

ˆ
ℝ𝑛∖𝐵𝑟

|

|

|

𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟
|

|

|

|𝑦 − 𝑥0|𝑛+2𝑠
𝑑𝑦

⎞

⎟

⎟

⎠

2

𝑑𝑡 (31)

+−−
¨
𝑄𝑟

|

|

|

𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟
|

|

|

2
𝑑𝑥𝑑𝑡 + 𝑟2−2𝑠−𝜀−−

¨
𝑄𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡
]

PROOF. Combine (11) with (26). □

4.3. Hölder continuity of the solutions
We will now prove the Hölder continuity of solutions to (1). We will do so via a Campanato argument, using the

estimates we have developed to show the appropriate decays on the desired quantities. First of all, we will need the
following lemma about the decay of the nonlocal integral in (26), proved in [10].

Lemma 4.6. Let 0 < 𝑑 ≤ 𝑟 < 1, 𝑔 ∈ 𝐿2
𝑙𝑜𝑐((0, 𝑇 ),𝐻

1
𝑙𝑜𝑐(Ω)) ∩ 𝐿

∞
𝑙𝑜𝑐((0, 𝑇 ), 𝐿

1
2𝑠(Ω)) and 𝑘 ∈ ℝ. Then if 𝜃 ∈ (0, 1) is

such that 𝜃𝑟 ≤ 𝑑 ≤ 𝑟 and 0 < 𝜀 < 1 − 𝑠, then

−−
¨
𝑄𝑟

|𝑔 − (𝑔)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 ≤ 4−−

¨
𝑄𝑟

|𝑔 − 𝑘|2𝑑𝑥𝑑𝑡, (32)

−−
¨
𝑄𝑑

|𝑔(𝑥, 𝑡) − (𝑔)𝑄𝑑 |
2𝑑𝑥𝑑𝑡 ≤ 4𝜃−𝑛−2−−

¨
𝑄𝑟

|𝑔(𝑥, 𝑡) − (𝑔)𝑄𝑟 |
2𝑑𝑥𝑑𝑡, (33)

and

⎛

⎜

⎜

⎝

𝑑2−𝜀
ˆ 𝑡0

𝑡0−𝑑2

(ˆ
ℝ𝑛⧵𝐵𝑑

|𝑔(𝑦, 𝑡) − (𝑔)𝑄𝑑 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡
⎞

⎟

⎟

⎠

1∕2

≤ 𝑐
(𝑑
𝑟

)1−𝜀∕2
(

𝑟2−𝜀
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑔(𝑦, 𝑡) − (𝑔)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡

)1∕2

(34)
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+ 𝑐𝑑
2−𝜀
2−𝑠

(ˆ 𝑟

𝑑

(𝑑
𝜈

)𝑠(

−−
¨
𝑄𝜈

|𝑔(𝑥, 𝑡) − (𝑔)𝑄𝜈 |
2𝑑𝑥𝑑𝑡

)1∕2 𝑑𝜈
𝜈

+
(𝑑
𝑟

)𝑠(

−−
¨
𝑄𝑟

|𝑔(𝑥, 𝑡) − (𝑔)𝑄𝑟 |
2𝑑𝑥𝑑𝑡

)1∕2
)

,

where 𝑐 = 𝑐(𝑛, 𝑠).

PROOF (PROOF OF THEOREM 1.2). Let 𝑟 < 1 and 𝜏 ≤ 1∕8. Then, using (33), (32) and Lemma 4.3 we know that

−−
¨
𝑄𝜏𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝜏𝑟 |𝑑𝑥𝑑𝑡

≤ 𝑐𝜏2−−
¨
𝑄𝑟∕8

|𝑤 − (𝑤)𝑄𝑟∕8 |
2𝑑𝑥𝑑𝑡 + 𝑐𝜏−𝑛−2−−

¨
𝑄𝑟∕4

|𝑢 −𝑤|2𝑑𝑥𝑑𝑡

≤ 𝑐(𝜏𝑟)2−−
¨
𝑄𝑟∕4

|∇𝑤|2𝑑𝑥𝑑𝑡 + 𝑐𝜏−𝑛−2−−
¨
𝑄𝑟∕4

|𝑢 −𝑤|2𝑑𝑥𝑑𝑡

≤ 𝑐(𝜏𝑟)2
(

−−
¨
𝑄𝑟∕4

|∇(𝑢 −𝑤)|2𝑑𝑥𝑑𝑡 + −−
¨
𝑄𝑟∕4

|∇𝑢|2𝑑𝑥𝑑𝑡

)

+ 𝑐𝜏−𝑛−2−−
¨
𝑄𝑟∕4

|𝑢 −𝑤|2𝑑𝑥𝑑𝑡.

Then, using (11) and (31), we get

−−
¨
𝑄𝜏𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝜏𝑟 |𝑑𝑥𝑑𝑡

≤ 𝑐(𝜏2 + 𝑟𝜀𝜏−𝑛−2)

(

𝑟2−𝜀
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡

+ 𝑟2−−
¨
𝑄𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡 + −−
¨
𝑄𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡

)

,

(35)

where 𝑐 = 𝑐(𝑛, 𝑠). Now, we notice that thanks to (34), the nonlocal integral term decays like

(𝜏𝑟)2−𝜀
ˆ 𝑡0

𝑡0−(𝜏𝑟)2

(ˆ
ℝ𝑛⧵𝐵𝜏𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝜏𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡

≤ 𝑐(𝜏2−𝜀 + 𝑟𝜀𝜏−𝑛−2−2𝑠)

(

𝑟2−𝜀
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡 + −−
¨
𝑄𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡

)

. (36)

Similarly, the following decay is also clear

(𝜏𝑟)2 ≤ 𝜏2−𝜀𝑟2 ≤ (𝜏2−𝜀 + 𝑟𝜀𝜏−𝑛−2−2𝑠)𝑟2. (37)

Finally, we recall that we are working in interior cylinders of our parabolic domain. In particular, we are working in
times 𝑡 ∈ (𝑡0 − 𝑟2, 𝑡0). Using Proposition 1.1, we know that 𝑢 is bounded away from 𝛼 in such cylinders and, therefore

−−
¨
𝑄𝑟

|𝑓 (𝑢(𝑥, 𝑡))|2𝑑𝑥𝑑𝑡 ≤ ‖𝑓 (𝑢)‖𝐿∞(𝑄𝑟) ≤ ‖𝑓 (𝑢)‖𝐿∞(Ω×[0,𝑡0]). (38)

Notice that this bound does not depend on 𝜏 or 𝑟.
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Then, adding up the inequalities (35), (36) and (37) and using (38), we get

⎛

⎜

⎜

⎝

(𝜏𝑟)2−𝜀
ˆ 𝑡0

𝑡0−(𝜏𝑟)2

(ˆ
ℝ𝑛⧵𝐵𝜏𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝜏𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡
⎞

⎟

⎟

⎠

1∕2

+
(

−−
¨
𝑄𝜏𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝜏𝑟 |𝑑𝑥𝑑𝑡
)1∕2

+ 𝜏𝑟

≤ 𝐶0(𝜏1−𝜀∕2 + 𝑟𝜀∕2𝜏−𝑛∕2−1−𝑠)
⎡

⎢

⎢

⎣

(

𝑟2−𝜀
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡

)1∕2

+
(

−−
¨
𝑄𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |𝑑𝑥𝑑𝑡
)1∕2

+ 𝑟

]

,

(39)

where 𝐶0 = 𝐶0(𝑛, 𝑠, ‖𝑓 (𝑢)‖𝐿∞(Ω×[0,𝑡0])). Notice we properly name this constant to use it on the next step. We assume
without loss of generality that 𝐶0 ≥ 1.

Fix now some 𝛼0 ∈ (0, 1), and choose some 𝛼 that satisfies 𝛼0 < 𝛼 < 1. Define 𝛼1 = (1 + 𝛼)∕2 and take
𝜏0 = 𝜏0(𝑛, 𝑠, 𝛼, ‖𝑓 (𝑢)‖𝐿∞(Ω×[0,𝑡0])) ≤ 1∕8 such that

𝐶0𝜏
(1−𝜀∕2)(1−𝛼1)
0 ≤ 1

2
, (40)

and, for 𝜏0 fixed, take some 𝑟∗ = 𝑟∗(𝑛, 𝑠, 𝛼, ‖𝑓 (𝑢)‖𝐿∞(Ω×[0,𝑡0])) ∈ (0, 1) such that

𝐶0𝑟
𝜀∕2𝜏−𝑛∕2−1−𝑠−(1−𝜀∕2)𝛼1 ≤ 1

2
, (41)

for every 𝑟 ≤ 𝑟∗. Under these conditions, (39) turns into

⎛

⎜

⎜

⎝

(𝜏0𝑟)2−𝜀
ˆ 𝑡0

𝑡0−(𝜏0𝑟)2

(ˆ
ℝ𝑛⧵𝐵𝜏0𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝜏0𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡
⎞

⎟

⎟

⎠

1∕2

+

(

−−
¨
𝑄𝜏0𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝜏0𝑟 |𝑑𝑥𝑑𝑡

)1∕2

+ 𝜏0𝑟

≤ 𝜏(1−𝜀∕2)𝛼10

⎡

⎢

⎢

⎣

(

𝑟2−𝜀
ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡

)1∕2

+
(

−−
¨
𝑄𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |𝑑𝑥𝑑𝑡
)1∕2

+ 𝑟
⎤

⎥

⎥

⎦

,

(42)

for every 𝑟 ≤ 𝑟∗. Now this is a decay estimate for our desired quantity. However, this is only valid for a fixed 𝜏0. We
now want to extend this decay to every 𝑟 ≤ 𝑟∗. First, let us define for convenience the following quantities for every
𝑟 ≤ 𝑟∗:

𝐼1(𝑟) =

(ˆ 𝑡0

𝑡0−𝑟2

(ˆ
ℝ𝑛⧵𝐵𝑟

|𝑢(𝑦, 𝑡) − (𝑢)𝑄𝑟 |

|𝑥0 − 𝑦|𝑛+2𝑠
𝑑𝑦

)2

𝑑𝑡

)1∕2

,

𝐼2(𝑟) =
(

−−
¨
𝑄𝑟

|𝑢(𝑥, 𝑡) − (𝑢)𝑄𝑟 |𝑑𝑥𝑑𝑡
)1∕2

.

Then (42) turns into

(𝜏0𝑟)1−𝜀∕2𝐼1(𝜏0𝑟) + 𝐼2(𝜏0𝑟) + 𝜏0𝑟 ≤ 𝜏(1−𝜀∕2)𝛼10 (𝑟1−𝜀∕2𝐼1(𝑟) + 𝐼2(𝑟) + 𝑟), (43)

for every 𝑟 ≤ 𝑟∗. Let us now define the sharp fractional maximal operator and its truncated version for 0 < 𝛿 < 1∕2:

𝑀(𝑥0, 𝑟) ∶= sup
𝜈≤𝑟

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈), (44)

𝑀𝛿(𝑥0, 𝑟) ∶= sup
𝛿𝑟≤𝜈≤𝑟

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈). (45)
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We now consider 𝑟 ≤ 𝜌 ≤ 𝑟∗, multiply both sides of (43) by (𝜏0𝑟)−(1−𝜀∕2)𝛼 and take the supremum with respect to
𝑟 ∈ (𝛿𝜌, 𝜌) to get:

𝑀𝛿(𝑥0, 𝜏0𝜌) ≤ 𝜏(1−𝜀∕2)(𝛼1−𝛼)0 sup
𝛿𝜌≤𝜈≤𝜌

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)

≤ 𝜏(1−𝜀∕2)(1−𝛼)∕20 sup
𝛿𝜏𝜌≤𝜈≤𝜌

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈) (46)

≤ 1
2

(

𝑀𝛿(𝑥0, 𝜏0𝜌) + sup
𝜏𝜌≤𝜈≤𝜌

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)
)

,

where we have used condition (40). This means that 𝑀𝛿(𝑥0, 𝜌) is always finite even if 𝛿 → 0, since the second term
on the right hand side is independent of 𝛿 and finite. We then assume that 𝛿 ≤ 𝜏0, take into account that 𝑀𝛿(𝑥0, 𝑟) is
decreasing with respect to 𝛿 and use (46) to finally deduce that

𝑀𝛿(𝑥0, 𝜌) = sup
𝛿𝜌≤𝜈≤𝜌

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)

= max

{

sup
𝛿𝜌≤𝜈≤𝜏0𝜌

(𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)), sup
𝜏0𝜌≤𝜈≤𝜌

(𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈))

}

= max

{

𝑀𝛿∕𝜏0 (𝑥0, 𝜏0𝜌), sup
𝜏0𝜌≤𝜈≤𝜌

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)

}

≤ max

{

𝑀𝛿(𝑥0, 𝜏0𝜌), sup
𝜏0𝜌≤𝜈≤𝜌

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)

}

≤ 𝑐 sup
𝜏0𝜌≤𝜈≤𝜌

𝜈−(1−𝜀∕2)𝛼(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)

≤ 𝑐(𝜏0𝜌)−(1−𝜀∕2)𝛼 sup
𝜏0𝜌≤𝜈≤𝜌

(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈)

≤ 𝑐
𝜌(1−𝜀∕2)𝛼

sup
𝜏𝜌≤𝜈≤ 𝜌

(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈),

with 𝑐 = 𝑐(𝑛, 𝑠, 𝛼, ‖𝑓 (𝑢)‖𝐿∞(Ω×[0,𝑡0])). Since nothing on the left hand side depends on 𝛿, we can take 𝛿 → 0, which
yields

𝑀(𝑥0, 𝜌) ≤
𝑐

𝜌(1−𝜀∕2)𝛼
sup

𝜏0𝜌≤𝜈≤𝜌
(𝜈1−𝜀∕2𝐼1(𝜈) + 𝐼2(𝜈) + 𝜈).

Now using the fact that 𝜏𝜌 ≤ 𝜈 ≤ 𝜌, and 𝜏0 is fixed, we can use Lemma 4.6 to get that

𝑀(𝑥0, 𝜌) ≤
𝑐

𝜌(1−𝜀∕2)𝛼
(𝜌1−𝜀∕2𝐼1(𝜌) + 𝐼2(𝜌) + 𝜌).

Finally, we just use the definition of 𝑀(𝑥0, 𝑟), (44), to get that, for every 0 < 𝑟 ≤ 𝜌 ≤ 𝑟∗:

𝑟1−𝜀∕2𝐼1(𝑟) + 𝐼2(𝑟) + 𝑟 ≤ 𝑐
(

𝑟
𝜌

)(1−𝜀∕2)𝛼
(𝜌1−𝜀∕2𝐼1(𝜌) + 𝐼2(𝜌) + 𝜌), (47)

which is exactly the decay we need to close the argument. In order to recover 𝛼0, we just choose 0 < 𝜀 <
min{2 − 2𝛼0, 1 − 𝑠} and 𝛼 = 2𝛼0

2−𝜀 . Taking 𝜌 = 𝑟∗ as well, we end up with

𝑟1−𝜀∕2𝐼1(𝑟) + 𝐼2(𝑟) + 𝑟 ≤ 𝑐
(

𝑟
𝑟∗

)𝛼0
(𝑟1−𝜀∕2∗ 𝐼1(𝑟∗) + 𝐼2(𝑟∗) + 𝑟∗),

which implies

−−
¨
𝑄𝑟

|𝑢 − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 ≤ 𝑐

(

𝑟
𝑟∗

)2𝛼0
(𝑟2−𝜀∗ 𝐼21 (𝑟∗) + 𝐼

2
2 (𝑟∗) + 𝑟

2
∗).
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We can then use (32) and the fact that 𝜀 < 1 − 𝑠 to see that

𝑟2−𝜀∗ 𝐼21 (𝑟∗) + 𝐼
2
2 (𝑟∗) ≤

𝑐
𝑟𝑛+2∗

(

Tail∞(𝑢, 𝑥0, 𝑟∗, 𝑡0 − 𝑟2∗, 𝑡0) + ‖𝑢‖2
𝐿2([𝑡0−𝑟2∗,𝑡0],𝐿2(𝐵𝑟∗ ))

)

,

which is a finite quantity. Therefore

−−
¨
𝑄𝑟

|𝑢 − (𝑢)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 ≤ 𝑐

(

𝑟
𝑟∗

)2𝛼0
, (48)

where 𝑐 = 𝑐(𝑛, 𝑠, 𝛼0, ‖𝑓 (𝑢)‖𝐿∞(Ω×[0,𝑡0]), ‖𝑢‖𝐿2(𝑄𝑟∗ )
,Tail∞(𝑢, 𝑥0, 𝑟∗, 𝑡0 − 𝑟2∗, 𝑡0)). We then conclude by the integral

characterization of Campanato spaces that 𝑢 ∈ 𝐶𝛼0𝑙𝑜𝑐(Ω × [0, 𝑇 )). □

Remark 4.7. Notice that, since the classical solution of (1) is the same as that of (5), then Lemma 3.2, Lemma 3.4
and Corollary 3.5 are also valid for the solutions of (1).

5. 𝐿2 − 𝐿∞ estimate for the equation with a zeroth order term
We will now study system (3). Although system (3) is not exactly of the form (1), it is easy to adapt the arguments of

Lemma 3.1 by noticing that the Nemytskii operator generated by 𝑎(𝑥, 𝑡)𝑢(𝑥, 𝑡) is globally Lipschitz in𝐿2(Ω). Therefore,
we know that we have a unique classical solution

𝑣 ∈ 𝐶((0, 𝑇 ′), 𝐷()) ∩ 𝐶([0, 𝑇 ′),𝐻1
0 (Ω)) ∩ 𝐶

1((0, 𝑇 ′), 𝐿2(Ω)),

of system (3).
Our objective is to find an 𝐿2 −𝐿∞ estimate for equation (3). To do so, we will follow similar arguments to those

on the paper [17], where they proved such estimates for the purely linear case. We will pay special attention to the
constants that appear in the estimates, and their dependence on 𝑟 and 𝜏. The main result of this section is the following.

5.1. Another Caccioppoli estimate
The first step is to find a Caccioppoli inequality for system (3). This turns out as follows.

Lemma 5.1. Let 𝑣 be the classical solution of equation (3). Let 𝐵𝑟 ≡ 𝐵𝑟(𝑥0) be such that 𝐵𝑟 ⊂ Ω and 0 < 𝑡1 < 𝑡2,
𝑙 > 0 satisfy [𝑡1 − 𝑙, 𝑡2] ⊂ (0, 𝑇 ′). Then for any nonnegative functions 𝜓 ∈ 𝐶∞

0 (𝐵𝑟) and 𝜂 ∈ 𝐶∞(ℝ) such that 𝜂 ≡ 0 if
𝑡 ≤ 𝑡1 − 𝑙 and 𝜂 ≡ 1 if 𝑡 ≥ 𝑡1, it holds that

ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟

|∇𝑤+(𝑥, 𝑡)|2𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡 + sup
𝑡∈(𝑡1,𝑡2)

ˆ
𝐵𝑟
𝑤2

+(𝑥, 𝑡)𝜓
2(𝑥)𝑑𝑥

+
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟

ˆ
𝐵𝑟

|𝑤+(𝑥, 𝑡)𝜓(𝑥) −𝑤+(𝑦, 𝑡)𝜓(𝑦)|2𝜂2(𝑡)
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑥𝑑𝑦𝑑𝑡

≤ 𝐶
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟

|∇𝜓(𝑥)|2𝑤2
+(𝑥, 𝑡)𝜂

2(𝑡)𝑑𝑥𝑑𝑡 (49)

+ 𝐶
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟

ˆ
𝐵𝑟

max{𝑤+(𝑥, 𝑡), 𝑤+(𝑦, 𝑡)}2

|𝑥 − 𝑦|𝑛+2𝑠
|𝜓(𝑥) − 𝜓(𝑦)|2𝜂2(𝑡)𝑑𝑥𝑑𝑦𝑑𝑡

+ 𝐶 sup
𝑡∈(𝑡1−𝑙,𝑡2)
𝑥∈supp(𝜓)

ˆ
ℝ𝑛⧵𝐵𝑟

𝑤+(𝑦, 𝑡)
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑦
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑤+(𝑥, 𝑡)𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡

+ 𝐶
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑤2

+(𝑥, 𝑡)𝜓
2(𝑥)𝜂(𝑡)|𝜕𝑡𝜂(𝑡)|𝑑𝑥𝑑𝑡

+ 𝐶
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑤2

+(𝑥, 𝑡)𝜓
2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡 + 𝐶𝑘

ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑤+(𝑥, 𝑡)𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡

where 𝑤+(𝑥, 𝑡) = (𝑣(𝑥, 𝑡) − 𝑘)+ for some 𝑘 > 0 and 𝐶 = 𝐶(𝑛, 𝑠, ‖𝑎‖𝐿∞(Ω×[𝑡1−𝑙,𝑡2]).
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PROOF. This proof is very similar to that of Proposition 4.1. Again, the first step of this argument should be the
regularization procedure with respect to the time variable, which we will omit again. Take𝜑(𝑥, 𝑡) = 𝑤+(𝑥, 𝑡)𝜓2(𝑥)𝜂2(𝑡)
as a test function in equation (3) to get:

ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝜕𝑡𝑣(𝑥, 𝑡)𝑤+𝜓

2𝜂2(𝑥, 𝑡)𝑑𝑥𝑑𝑡 +
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟

∇𝑣(𝑥, 𝑡)∇(𝑤+𝜓
2𝜂2(𝑥, 𝑡))𝑑𝑥𝑑𝑡

+
𝐶𝑛,𝑠
2

ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟

ˆ
𝐵𝑟

(𝑣(𝑥, 𝑡) − 𝑣(𝑦, 𝑡))(𝑤+𝜓2𝜂2(𝑥, 𝑡) −𝑤+𝜓2𝜂2(𝑦, 𝑡))
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑥𝑑𝑦𝑑𝑡

+
𝐶𝑛,𝑠
2

ˆ 𝑡2

𝑡1−𝑙

ˆ
ℝ𝑛⧵𝐵𝑟

ˆ
𝐵𝑟

(𝑣(𝑥, 𝑡) − 𝑣(𝑦, 𝑡))𝑤+𝜓2𝜂2(𝑥, 𝑡)
|𝑥 − 𝑦|𝑛+2𝑠

𝑑𝑥𝑑𝑦𝑑𝑡

≤
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑎(𝑥, 𝑡)𝑣(𝑥, 𝑡)𝑤+𝜓

2𝜂2(𝑥, 𝑡)𝑑𝑥𝑑𝑡.

The left hand side term can be treated in a very similar way as in the homogeneous problem. The only difference is that
the nonlocal integral over ℝ𝑛 ⧵𝐵𝑟 will be estimated by a different quantity that will be more practical for our purposes,
see [17, Lemma 3.1] for details. Apart from that, we only need to estimate the new integral that spawns from the zeroth
order term. Noticing that 𝑣𝑤+ = (𝑣 − 𝑘)(𝑣 − 𝑘)+ + 𝑘(𝑣 − 𝑘)+ = 𝑤2

+ + 𝑘𝑤+, we end up with
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑎(𝑥, 𝑡)𝑣(𝑥, 𝑡)𝑤+(𝑥, 𝑡)𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡

≤ ‖𝑎‖𝐿∞(Ω×[𝑡1−𝑙,𝑡2])

ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑣(𝑥, 𝑡)𝑤+(𝑥, 𝑡)𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡

= ‖𝑎‖𝐿∞(Ω×[𝑡1−𝑙,𝑡2])

ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑤2

+(𝑥, 𝑡)𝜓
2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡

+ ‖𝑎‖𝐿∞(Ω×[𝑡1−𝑙,𝑡2])𝑘
ˆ 𝑡2

𝑡1−𝑙

ˆ
𝐵𝑟
𝑤+(𝑥, 𝑡)𝜓2(𝑥)𝜂2(𝑡)𝑑𝑥𝑑𝑡,

which leads to the desired result. □

5.2. Moser iteration for local boundedness
We are going to introduce some notation that will be useful to enable the Moser iteration we will need to prove the

𝐿2 − 𝐿∞ estimate. First, for some 𝜏 ∈ (0, 1) and 𝑟 ∈ (0, 1), set

𝑟0 = 𝑟, 𝑟𝑗 = 𝜏𝑟 + 2−𝑗(1 − 𝜏)𝑟, 𝑟𝑗 =
𝑟𝑗 + 𝑟𝑗+1

2
, 𝑗 = 0, 1, 2… ,

and

𝑄𝑗 = 𝐵𝑗 × 𝐼𝑗 = 𝐵𝑟𝑗 (𝑥0) × (𝑡0 − 𝑟2𝑗 , 𝑡0), 𝑗 = 0, 1, 2… ,

𝑄̃𝑗 = 𝐵̃𝑗 × 𝐼𝑗 = 𝐵𝑟𝑗 (𝑥0) × (𝑡0 − 𝑟2𝑗 , 𝑡0), 𝑗 = 0, 1, 2… .

Notice that the following relations are satisfied:

𝑟𝑗 > 𝑟𝑗 > 𝑟𝑗+1, 𝐵𝑗+1 ⊂ 𝐵̃𝑗 ⊂ 𝐵𝑗 , 𝐼𝑗+1 ⊂ 𝐼𝑗 ⊂ 𝐼𝑗 , 𝑗 = 0, 1, 2…

Now choose

𝑘̃ ≥ 1
2

Tail∞(𝑣+, 𝑥0, 𝜏𝑟, 𝑡0 − 𝑟2, 𝑡0),

and denote

𝑘𝑗 = (1 − 2−𝑗)𝑘̃, 𝑘̃𝑗 =
𝑘𝑗+1 + 𝑘𝑗

2
, 𝑗 = 0, 1, 2… ,

S. Junquera and L. M. Del Pezzo: Preprint submitted to Elsevier Page 18 of 25



Interior Regularity of Parabolic Mixed Local-Nonlocal Equations

which in turn satisfy the relations

𝑘̃ ≥ 𝑘𝑗+1 ≥ 𝑘̃𝑗 ≥ 𝑘𝑗 ≥ 0, 𝑗 = 0, 1, 2…

Finally, let

𝑤𝑗 = (𝑣 − 𝑘𝑗)+, 𝑤̃𝑗 = (𝑣 − 𝑘̃𝑗)+, 𝑗 = 0, 1, 2…

Notice that these functions satisfy the following useful inequality for every 0 ≤ 𝛼 < 𝛽 and every (𝑥, 𝑡) ∈ Ω × [0, 𝑇 ):

𝑤̃𝛼𝑗 (𝑥, 𝑡) ≤ 𝑤𝛼𝑗 (𝑥, 𝑡) ≤
𝐶2(𝛽−𝛼)𝑗

𝑘̃𝛽−𝛼
𝑤𝛽𝑗 (𝑥, 𝑡). (50)

Let us also state the following parabolic Sobolev inequality that will be very useful to us later on. For the proof,
see [2].

Lemma 5.2. For every 𝑢 ∈ 𝐿2((𝑡1, 𝑡2),𝐻1(𝐵𝑟)) ∩ 𝐿∞((𝑡1, 𝑡2), 𝐿2(𝐵𝑟)) with 0 < 𝑡1 < 𝑡2, it holds that
ˆ 𝑡2

𝑡1

 
𝐵𝑟

|𝑢(𝑥, 𝑡)|2(1+2∕𝑛)𝑑𝑥𝑑𝑡

≤ 𝐶
(

𝑟2
ˆ 𝑡2

𝑡1

 
𝐵𝑟

|∇𝑢(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡 +
ˆ 𝑡2

𝑡1

 
𝐵𝑟

|𝑢(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡
)

(

sup
𝑡∈(𝑡1,𝑡2)

 
𝐵𝑟

|𝑢(𝑥, 𝑡)|2𝑑𝑥

)2∕𝑛

. (51)

We will now particularize our Caccioppoli inequality from Lemma 5.1 to some appropriate cutoff functions that
will help us get some inequality to perform the recursive iteration.

Lemma 5.3. Let 𝑣 be the classical solution of equation (3). Let (𝑥0, 𝑡0) ∈ Ω × (0, 𝑇 ′), 0 < 𝑟 < 1, and 𝑄𝑟 =
𝐵𝑟(𝑥0) × (𝑡0 − 𝑟2, 𝑡0) such that 𝐵𝑟(𝑥0) ⊂ Ω and [𝑡0 − 𝑟2, 𝑡0] ⊂ (0, 𝑇 ). Then it holds that

ˆ
𝐼𝑗+1

 
𝐵𝑗+1

|∇𝑤̃𝑗(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡 + sup
𝑡∈𝐼𝑗+1

 
𝐵𝑗+1

𝑤̃2
𝑗 (𝑥, 𝑡)𝑑𝑥 +

ˆ
𝐼𝑗+1

ˆ
𝐵𝑗+1

 
𝐵𝑗+1

|𝑤̃𝑗(𝑥, 𝑡) − 𝑤̃𝑗(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡

≤ 𝐶
𝑟2(1 − 𝜏)2

(

22𝑗+2 + 2(𝑛+2𝑠+1)𝑗

𝜏2(1 − 𝜏)𝑛+2𝑠−2

)ˆ
𝐼𝑗

 
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡,

for every 𝑗 ∈ ℕ, where 𝐶 = 𝐶(𝑛, 𝑠, ‖𝑎‖𝐿∞(Ω×[𝑡0−𝑟2,𝑡0])).

PROOF. We need to choose appropriate cutoff functions to make (49) fit our purposes. Take 𝜓𝑗 ∈ 𝐶∞
0 (𝐵̃𝑗) and

𝜂𝑗 ∈ 𝐶∞
0 (𝐼𝑗) such that

0 ≤ 𝜓𝑗 ≤ 1, |∇𝜓𝑗| ≤
𝐶2𝑗

(1 − 𝜏)𝑟
, in 𝐵̃𝑗 , 𝜓 ≡ 1 in 𝐵𝑗+1,

and

0 ≤ 𝜂𝑗 ≤ 1, |𝜕𝑡𝜂𝑗| ≤
𝐶22𝑗

(1 − 𝜏)2𝑟2
, in 𝐼𝑗 , 𝜂 ≡ 1 in 𝐼𝑗+1.

Now take 𝐵𝑟 = 𝐵𝑗 , 𝑡2 = 𝑡0, 𝑡1 = 𝑡0 − 𝑟2𝑗+1, 𝑙 = 𝑟2𝑗 − 𝑟
2
𝑗+1 and 𝑘 = 𝑘̃𝑗 in Lemma 5.1. Then we get

ˆ
𝐼𝑗

ˆ
𝐵𝑗

|∇𝑤̃𝑗(𝑥, 𝑡)|2𝜓2
𝑗 (𝑥)𝜂

2
𝑗 (𝑡)𝑑𝑥𝑑𝑡 + sup

𝑡∈𝐼𝑗+1

ˆ
𝐵𝑗
𝑤̃2
𝑗 (𝑥, 𝑡)𝜓

2
𝑗 (𝑥)𝑑𝑥

+
ˆ
𝐼𝑗

ˆ
𝐵𝑗

ˆ
𝐵𝑗

|𝑤̃𝑗(𝑥, 𝑡)𝜓𝑗(𝑥) − 𝑤̃𝑗(𝑦, 𝑡)𝜓𝑗(𝑦)|2𝜂2𝑗 (𝑡)

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡
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≤ 𝐶
ˆ
𝐼𝑗

ˆ
𝐵𝑗

|∇𝜓𝑗(𝑥)|2𝑤̃2
𝑗 (𝑥, 𝑡)𝜂

2
𝑗 (𝑡)𝑑𝑥𝑑𝑡

+ 𝐶
ˆ
𝐼𝑗

ˆ
𝐵𝑗

ˆ
𝐵𝑗

max{𝑤̃𝑗(𝑥, 𝑡), 𝑤̃𝑗(𝑦, 𝑡)}2|𝜓𝑗(𝑥) − 𝜓𝑗(𝑦)|2𝜂2𝑗 (𝑡)

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡

+ 𝐶 sup
𝑡∈𝐼𝑗 ;𝑥∈𝑠𝑢𝑝𝑝(𝜓𝑗 )

ˆ
ℝ𝑛⧵𝐵𝑗

𝑤̃𝑗(𝑦, 𝑡)

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑦

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤̃𝑗(𝑥, 𝑡)𝜓2

𝑗 (𝑥)𝜂
2
𝑗 (𝑡)𝑑𝑥𝑑𝑡

+ 𝐶
ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤̃2
𝑗 (𝑥, 𝑡)𝜓

2
𝑗 (𝑥)𝜂𝑗(𝑡)|𝜕𝑡𝜂𝑗(𝑡)|𝑑𝑥𝑑𝑡

+ 𝐶
ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤̃2
𝑗 (𝑥, 𝑡)𝜓

2
𝑗 (𝑥)𝜂

2
𝑗 (𝑡)𝑑𝑥𝑑𝑡 + 𝐶𝑘̃𝑗

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤̃𝑗(𝑥, 𝑡)𝜓2

𝑗 (𝑥)𝜂
2
𝑗 (𝑡)𝑑𝑥𝑑𝑡

= 1 + 2 + 3 + 4 + 5 + 6.

Now let us estimate each integral using the properties of 𝜓𝑗 , 𝜂𝑗 and (50). The estimates of 1 to 4 are the same as the
ones in [17, Lemma 4.1]:

1 ≤
𝐶22𝑗

(1 − 𝜏)2𝑟2

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤̃2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡 ≤

𝐶22𝑗

(1 − 𝜏)2𝑟2

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡, (52)

2 ≤
𝐶22𝑗

(1 − 𝜏)2𝑟2𝑠

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡, (53)

3 ≤
𝐶2(𝑛+2𝑠+1)𝑗

𝜏2(1 − 𝜏)𝑛+2𝑠𝑟2

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡, (54)

and

4 ≤
𝐶22𝑗

(1 − 𝜏)2𝑟2

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡. (55)

The two remaining integrals, which are the new ones particular to our problem, are also easy to deal with

5 ≤ 𝐶
ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤̃2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡 ≤ 𝐶

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡, (56)

and

6 ≤ 𝐶𝑘̃𝑗
ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤̃𝑗(𝑥, 𝑡)𝑑𝑥𝑑𝑡 ≤ 𝐶2𝑗

ˆ
𝐼𝑗

ˆ
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡. (57)

On the other hand, the left hand side can easily be dealt with by restricting the integral domains to 𝐼𝑗+1 and 𝐵𝑗+1,
where both cutoffs are equal to 1.

ˆ
𝐼𝑗

ˆ
𝐵𝑗

|∇𝑤̃𝑗(𝑥, 𝑡)|2𝜓2
𝑗 (𝑥)𝜂

2
𝑗 (𝑡)𝑑𝑥𝑑𝑡 + sup

𝑡∈𝐼𝑗+1

ˆ
𝐵𝑗
𝑤̃2
𝑗 (𝑥, 𝑡)𝜓

2
𝑗 (𝑥)𝑑𝑥

+
ˆ
𝐼𝑗

ˆ
𝐵𝑗

ˆ
𝐵𝑗

|𝑤̃𝑗(𝑥, 𝑡)𝜓𝑗(𝑥) − 𝑤̃𝑗(𝑦, 𝑡)𝜓𝑗(𝑦)|2𝜂2𝑗 (𝑡)

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡 (58)

≥
ˆ
𝐼𝑗+1

ˆ
𝐵𝑗+1

|∇𝑤̃𝑗(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡 + sup
𝑡∈𝐼𝑗+1

ˆ
𝐵𝑗+1

𝑤̃2
𝑗 (𝑥, 𝑡)𝑑𝑥 +

ˆ
𝐼𝑗+1

ˆ
𝐵𝑗+1

ˆ
𝐵𝑗+1

|𝑤̃𝑗(𝑥, 𝑡) − 𝑤̃𝑗(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡.
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Now, merging (58) with (52)-(57) and dividing by |𝐵𝑗| ∼ 𝑟𝑛, we get

ˆ
𝐼𝑗+1

 
𝐵𝑗+1

|∇𝑤̃𝑗(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡 + sup
𝑡∈𝐼𝑗+1

 
𝐵𝑗+1

𝑤̃2
𝑗 (𝑥, 𝑡)𝑑𝑥 +

ˆ
𝐼𝑗+1

ˆ
𝐵𝑗+1

 
𝐵𝑗+1

|𝑤̃𝑗(𝑥, 𝑡) − 𝑤̃𝑗(𝑦, 𝑡)|2

|𝑥 − 𝑦|𝑛+2𝑠
𝑑𝑥𝑑𝑦𝑑𝑡

≤ 𝐶
𝑟2(1 − 𝜏)2

(

22𝑗 + 22𝑗𝑟2−2𝑠 + 2(𝑛+2𝑠+1)𝑗

𝜏2(1 − 𝜏)𝑛+2𝑠−2
+ 𝑟2(1 − 𝜏)2 + 2𝑗𝑟2(1 − 𝜏)2

) ˆ
𝐼𝑗

 
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡.

Finally, manipulating the term inside the parenthesis, bearing in mind that 0 < 𝜏, 𝑟 < 1:

22𝑗 + 22𝑗𝑟2−2𝑠 + 2(𝑛+2𝑠+1)𝑗

𝜏2(1 − 𝜏)𝑛+2𝑠−2
+ 𝑟2(1 − 𝜏)2 + 2𝑗𝑟2(1 − 𝜏)2

≤ 22𝑗 ⋅ 4 + 2(𝑛+2𝑠+1)𝑗

𝜏2(1 − 𝜏)𝑛+2𝑠−2

≤ 22𝑗+2 + 2(𝑛+2𝑠+1)𝑗

𝜏2(1 − 𝜏)𝑛+2𝑠−2
,

which leads to the desired result. □

Lemma 5.4. Let 𝑣 be the classical solution of equation (3) and define 𝜅 = 1+2∕𝑛. Let (𝑥0, 𝑡0) ∈ Ω×(0, 𝑇 ), 0 < 𝑟 < 1,
and 𝑄𝑟 = 𝐵𝑟(𝑥0) × (𝑡0 − 𝑟2, 𝑡0) such that 𝐵𝑟(𝑥0) ⊂ Ω and [𝑡0 − 𝑟2, 𝑡0] ⊂ (0, 𝑇 ).Then it holds that

ˆ
𝐼𝑗+1

 
𝐵𝑗+1

𝑤2
𝑗+1(𝑥, 𝑡)𝑑𝑥𝑑𝑡

≤ 𝐶2(𝑛+4)𝜅𝑗

𝑟
4
𝑛𝜅 (1 − 𝜏)2𝑘̃

4
𝑛𝜅

(

1 + 1
𝜏2(1 − 𝜏)(𝑛+2𝑠−2)

)

(ˆ
𝐼𝑗

 
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡

)1+ 2
𝜅𝑛

,

for every 𝑗 ∈ ℕ, where 𝐶 = 𝐶(𝑛, 𝑠, ‖𝑎‖𝐿∞(Ω×[𝑡0−𝑟2,𝑡0])).

PROOF. First, we use Hölder’s inequality to get that
ˆ
𝐼𝑗+1

 
𝐵𝑗+1

𝑤2
𝑗+1(𝑥, 𝑡)𝑑𝑥𝑑𝑡 ≤

ˆ
𝐼𝑗+1

 
𝐵𝑗+1

𝑤̃2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡

≤

(ˆ
𝐼𝑗+1

 
𝐵𝑗+1

𝑤̃2𝜅
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡

)
1
𝜅
(ˆ

𝐼𝑗+1

 
𝐵𝑗+1

𝜒{𝑣≥𝑘̃𝑗}(𝑥, 𝑡)𝑑𝑥𝑑𝑡

)1− 1
𝜅

. (59)

Noticing that 𝜒{𝑣≥𝑘̃𝑗}(𝑥, 𝑡) = (𝑤̃𝑗(𝑥, 𝑡))0, we can use (50) to obtain
ˆ
𝐼𝑗+1

 
𝐵𝑗+1

𝜒{𝑣≥𝑘̃𝑗}(𝑥, 𝑡)𝑑𝑥𝑑𝑡 ≤
𝐶22𝑗

𝑘̃2

ˆ
𝐼𝑗

 
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡. (60)

Now, using Lemma 5.2 and Lemma 5.3 and carefully performing all calculations, we can estimate
ˆ
𝐼𝑗+1

 
𝐵𝑗+1

𝑤̃2𝜅
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡

≤ 𝐶

(

𝑟2
ˆ
𝑡𝐼𝑗+1

 
𝐵𝑗+1

|∇𝑤̃𝑗(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡 +
ˆ
𝐼𝑗+1

 
𝐵𝑗+1

|𝑤̃𝑗(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡

)(

sup
𝑡∈𝐼𝑗+1

 
𝐵𝑗+1

|𝑤̃𝑗(𝑥, 𝑡)|2𝑑𝑥

)2∕𝑛

≤ 𝐶2(𝑛+4)𝜅𝑗

𝑟
4
𝑛 (1 − 𝜏)2𝜅

(

1 + 1
𝜏2𝜅(1 − 𝜏)(𝑛+2𝑠−2)𝜅

)

(ˆ
𝐼𝑗

 
𝐵𝑗
𝑤2
𝑗 (𝑥, 𝑡)𝑑𝑥𝑑𝑡

)𝜅

.

Combining this last inequality with (59) and (60), we obtain the desired result. □
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Finally, we will make use of the following lemma from [14] regarding sequences of positive numbers

Lemma 5.5. Let {𝑌𝑗}∞𝑗=0 be a sequence of positive numbers such that

𝑌0 ≤ 𝐾− 1
𝛿 𝑏−

1
𝛿2 , and 𝑌𝑗+1 ≤ 𝐾𝑏𝑗𝑌 1+𝛿

𝑗 , 𝑗 = 0, 1, 2… ,

for some 𝐾, 𝑏 > 1 and 𝛿 > 0. Then we have that lim𝑗→∞ 𝑌𝑗 = 0.

We can now prove the main theorem of this section.

PROOF (PROOF OF THEOREM 1.3). Let us denote

𝑌𝑗 = −−
¨
𝑄𝑗
(𝑣 − 𝑘𝑗)2+𝑑𝑥𝑑𝑡, 𝑗 = 0, 1, 2…

This transforms the result of Lemma 5.4 into

𝑌𝑗+1 ≤ 𝐶 2(𝑛+4)𝜅𝑗

𝑘̃
4
𝑛𝜅

(

1
(1 − 𝜏)2

+ 1
𝜏2(1 − 𝜏)𝑛+2𝑠

)

𝑌
1+ 2

𝑛𝜅
𝑗 ,

for any 𝑗 ∈ ℕ. We can now apply Lemma 5.5 if we choose

𝑘̃ ≥ max

{

Tail∞(𝑣, 𝑥0, 𝜏𝑟, 𝑡0 − 𝑟2, 𝑡0), 𝐶𝑟−𝑛∕2−1
(

1

(1 − 𝜏)
𝑛
2+1

+ 1

𝜏
𝑛
2+1(1 − 𝜏)(

𝑛
2+𝑠)(

𝑛
2+1)

)

‖𝑣‖𝐿2(𝑄𝑟)

}

,

so that we can conclude lim𝑗→∞ 𝑌𝑗 = 0. This means that ‖𝑣‖𝐿∞(𝑄𝜏𝑟) ≤ 𝑘̃ for any applicable 𝑘̃. Therefore, choosing the
smallest one possible, one gets:

‖𝑣‖𝐿∞(𝑄𝜏𝑟) ≤ Tail∞(𝑣, 𝑥0, 𝜏𝑟, 𝑡0 − 𝑟2, 𝑡0) + 𝐶𝑟−𝑛∕2−1
(

1

(1 − 𝜏)
𝑛
2+1

+ 1

𝜏
𝑛
2+1(1 − 𝜏)(

𝑛
2+𝑠)(

𝑛
2+1)

)

‖𝑣‖𝐿2(𝑄𝑟) (61)

Now notice that, for any solution 𝑣 of our problem, using the fact that 𝑣 ∈ 𝐶1((0, 𝑇 ), 𝐿2(Ω)) and 𝑣 ≡ 0 outside of
Ω, we get using Hölder’s inequality:

Tail∞(𝑣, 𝑥0, 𝜏𝑟, 𝑡0 − 𝑟2, 𝑡0)

≤ (𝜏𝑟)2 sup
𝑡∈(𝑡0−𝑟2,𝑡0)

(ˆ
ℝ𝑛⧵𝐵𝜏𝑟(𝑥0)

|𝑥0 − 𝑦|−2𝑛−4𝑠𝑑𝑦
)1∕2(ˆ

Ω⧵𝐵𝜏𝑟(𝑥0)
|𝑣(𝑦, 𝑡)|2𝑑𝑦

)1∕2

≤ (𝜏𝑟)2 sup
𝑡∈(𝑡0−𝑟2,𝑡0)

𝐶(𝜏𝑟)−
𝑛
2−2𝑠

‖𝑣(⋅, 𝑡)‖𝐿2(Ω) (62)

≤ 𝐶(𝜏𝑟)−
𝑛
2+2−2𝑠

‖𝑣‖𝐿∞([𝑡0−𝑟2,𝑡0],𝐿2(Ω)),

where 𝐶 = 𝐶(𝑛, 𝑠). Then, merging (61) and (62), we get

‖𝑣‖𝐿∞(𝑄𝜏𝑟) ≤ 𝐶((𝜏𝑟)−
𝑛
2+2−2𝑠

‖𝑣‖𝐿∞([𝑡0−𝑟2,𝑡0],𝐿2(Ω)) + 𝑟
− 𝑛

2−1𝜏−
𝑛
2−1(1 − 𝜏)−(

𝑛
2+𝑠)(

𝑛
2+1)

‖𝑣‖𝐿2(𝑄𝑟))

≤ 𝐶((𝜏𝑟)−
𝑛
2+2−2𝑠 + 𝑟−

𝑛
2 𝜏−

𝑛
2−1(1 − 𝜏)−(

𝑛
2+𝑠)(

𝑛
2+1))‖𝑣‖𝐿∞([𝑡0−𝑟2,𝑡0],𝐿2(𝑄𝑟))

≤ 𝐶𝑟−
𝑛
2 𝜏−

𝑛
2−1(1 − 𝜏)−(

𝑛
2+𝑠)(

𝑛
2+1)

‖𝑣‖𝐿∞([𝑡0−𝑟2,𝑡0],𝐿2(Ω))

where 𝐶 = 𝐶(𝑛, 𝑠, 𝑡0, ‖𝑎‖𝐿∞(Ω×[𝑡0−𝑟2,𝑡0])), and the result is proved. □
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6. Higher interior regularity of solutions: proof of Theorem 1.4
Let us prove that 𝑢𝑡 is also a Hölder continuous function. First, define the quantity

𝑣ℎ(𝑥, 𝑡) =
𝑢(𝑥, 𝑡 + ℎ) − 𝑢(𝑥, 𝑡)

ℎ
.

This has, for any fixed ℎ > 0, the same regularity properties as 𝑢 and it converges strongly to 𝑢𝑡 in 𝐶([𝑡1, 𝑡2], 𝐿2(Ω))
for every [𝑡1, 𝑡2] ⊂ (0, 𝑇 ). Furthermore, it is also true that

‖𝑣ℎ(⋅, 𝑡)‖2𝐿2(Ω) ≤
1
ℎ

ˆ
Ω

ˆ 𝑡+ℎ

𝑡
𝑢𝑡(𝑥, 𝑠)2𝑑𝑠𝑑𝑥 = 1

ℎ

ˆ 𝑡+ℎ

𝑡
‖𝑢𝑡(⋅, 𝑠)‖2𝐿2(Ω)𝑑𝑠 ≤ ‖𝑢𝑡‖𝐿∞([𝑡,𝑡+ℎ],𝐿2(Ω)), (63)

which means that that the 𝐿2(Ω) norm of 𝑣ℎ is bounded independently of ℎ for every compact subinterval [𝑡1, 𝑡2] ⊂
(0, 𝑇 − ℎ).

Then, notice that 𝑣ℎ is the solution to the following equation:

⎧

⎪

⎨

⎪

⎩

(𝑣ℎ)𝑡(𝑥, 𝑡) = 𝑣ℎ(𝑥, 𝑡) + 𝑓 ′(𝜉(𝑥, 𝑡))𝑣ℎ(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω × (0, 𝑇 − ℎ),
𝑣ℎ(𝑥, 0) =

𝑢(𝑥,ℎ)−𝑢0(𝑥)
ℎ , 𝑥 ∈ Ω,

𝑣ℎ(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ ℝ𝑛 ⧵Ω × [0, 𝑇 − ℎ),
(64)

where 𝜉(𝑥, 𝑡) is a function that, for every fixed (𝑥, 𝑡), is between 𝑢(𝑥, 𝑡 + ℎ) and 𝑢(𝑥, 𝑡). The most important fact about
this is that 𝜉 is bounded away from 1 independently of ℎ if we work in an interior cylinder, which means that 𝑓 ′(𝜉(𝑥, 𝑡))
is an 𝐿∞

𝑙𝑜𝑐(Ω × [0, 𝑇 − ℎ)) function uniformly in ℎ.
Fix some (𝑥0, 𝑡0) ∈ Ω× (0, 𝑇 − ℎ). We notice that (64) is of the form (3), taking 𝑎(𝑥, 𝑡) = 𝑓 ′(𝜉(𝑥, 𝑡)). Then we can

take some 𝜎 ∈ (0, 1) and 𝑅 ∈ (0, 1) such that 𝐵𝑅 ⊂ Ω and [𝑡0 −𝑅2, 𝑡0] ⊂ (0, 𝑇 − ℎ), and apply Theorem 1.3 and (63)
to get

‖𝑣ℎ‖𝐿∞(𝑄𝜎𝑅) ≤ 𝐶𝑅− 𝑛
2 𝜎−

𝑛
2−1(1 − 𝜎)−(

𝑛
2+𝑠)(

𝑛
2+1)

‖𝑢𝑡‖𝐿∞([𝑡0−𝑅2,𝑡0],𝐿2(Ω)), (65)

which is a uniform bound with respect to ℎ. At the same time, (64) is of the form we studied in Section 4, taking
𝑓 (𝑣ℎ(𝑥, 𝑡)) = 𝑎(𝑥, 𝑡)𝑣ℎ(𝑥, 𝑡). We may then repeat the whole reasoning up to equation (38). In this step, we now need to
find a bound that is uniform with respect to ℎ. Fix some 𝑅 ∈ (0, 1) such that 𝐵𝑅 ⊂ Ω and [𝑡0 − 𝑅2, 𝑡0] ⊂ (0, 𝑇 − ℎ),
and take 𝜎 = 1∕2. Then, using (63) and (65), we know that for every 𝑟 < 𝑅∕2,

(

−−
¨
𝑄𝑟
|𝑎(𝑥, 𝑡)|2|𝑣ℎ(𝑥, 𝑡)|2𝑑𝑥𝑑𝑡

)1∕2

≤ ‖𝑎‖𝐿∞(𝑄𝑟)‖𝑣ℎ‖𝐿∞(𝑄𝑟) ≤ ‖𝑎‖𝐿∞(Ω×[0,𝑡0])‖𝑣ℎ‖𝐿∞(𝑄𝑅∕2)

≤ 𝐶‖𝑎‖𝐿∞(Ω×[0,𝑡0])𝑅
− 𝑛

2
‖𝑢𝑡‖𝐿∞([𝑡0−𝑅2,𝑡0],𝐿2(Ω)).

This way we have found a bound for the reaction term average that is independent of both 𝑟 and ℎ. We can then proceed
with the rest of the proof without issue and find that for every 𝛼0 ∈ (0, 1) and (𝑥0, 𝑡0) ∈ Ω × (0, 𝑇 − ℎ), there exists
some 𝑟∗ = 𝑟∗(𝑛, 𝑠, 𝛼0, 𝑥0, 𝑡0) ∈ (0, 1) such that for every 𝑟 ≤ 𝑟∗,

−−
¨
𝑄𝑟

|𝑣ℎ(𝑥, 𝑡) − (𝑣ℎ)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 ≤ 𝐶 ′𝑟2𝛼0 , (66)

with 𝐶 ′ = 𝐶 ′(𝑛, 𝑠, 𝛼0, 𝑟∗, ‖𝑎‖𝐿∞(Ω×[0,𝑡0]), ‖𝑢𝑡‖𝐿2(𝑄𝑅), ‖𝑢𝑡‖𝐿∞([𝑡0−𝑅2,𝑡0],𝐿2(Ω))).
Finally, and thanks to the fact that the constant 𝐶 does not depend on ℎ, we conclude, taking ℎ → 0 and using the

strong convergence of 𝑣ℎ to 𝑢𝑡:

−−
¨
𝑄𝑟

|𝑢𝑡(𝑥, 𝑡) − (𝑢𝑡)𝑄𝑟 |
2𝑑𝑥𝑑𝑡 ≤ 𝐶 ′𝑟2𝛼0 . (67)
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Then 𝑢𝑡 is locally Hölder continuous for any exponent 𝛼0 ∈ (0, 1). At the same time, thanks to Theorem 1.2 we know
that 𝑢 is 𝐶𝛼0𝑙𝑜𝑐 and, thanks to the regularity of 𝑓 , it is clear that 𝑓 (𝑢) is 𝐶𝛼0𝑙𝑜𝑐 as well.

Finally, from (1) we know that

−Δ𝑢(𝑥, 𝑡) + (−Δ)𝑠𝑢(𝑥, 𝑡) = 𝑓 (𝑢(𝑥, 𝑡)) − 𝑢𝑡(𝑥, 𝑡),

a.e. 𝑥 ∈ Ω for every 𝑡 ∈ [0, 𝑇 ). The right hand side of this expression is in particular 𝐶𝛼0𝑙𝑜𝑐(Ω) for every fixed 𝑡 ∈ (0, 𝑇 ).
Then, using [27, Theorem 1.5], we conclude that 𝑢(⋅, 𝑡) ∈ 𝐶2,𝛼0

𝑙𝑜𝑐 (Ω) for every 𝑡 ∈ (0, 𝑇 ). □
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